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WELL-POSEDNESS OF THE THREE-DIMENSIONAL ISENTROPIC
COMPRESSIBLE NAVIER-STOKES EQUATIONS WITH
DEGENERATE VISCOSITIES AND FAR FIELD VACUUM

ZHOUPING XIN AND SHENGGUO ZHU

ABSTRACT. In this paper, the Cauchy problem for the three-dimensional (3-D) isentropic
compressible Navier-Stokes equations is considered. When viscosity coefficients are given
as a constant multiple of the density’s power (p° with 0 < § < 1), based on some analysis
of the nonlinear structure of this system, we identify a class of initial data admitting a
local regular solution with far field vacuum and finite energy in some inhomogeneous
Sobolev spaces by introducing some new variables and initial compatibility conditions,
which solves an open problem of degenerate viscous flow partially mentioned by Bresh-
Desjardins-Metivier [3], Jiu-Wang-Xin [11] and so on. Moreover, in contrast to the
classical theory in the case of the constant viscosity, we show that one cannot obtain any
global regular solution whose L® norm of u decays to zero as time ¢ goes to infinity.

1. INTRODUCTION

The time evolution of the mass density p > 0 and the velocity u = (u(l), u?, u(?’))T € R3
of a general viscous isentropic compressible fluid occupying a spatial domain Q C R? is
governed by the following isentropic compressible Navier-Stokes equations (ICNS):

pt + div(pu) =0,

(1.1)
(pu)t + div(pu @ u) + VP = divT.

Here, x = (z1,z2,23) € , t > 0 are the space and time variables, respectively. For
polytropic gases, the constitutive relation is given by
P=Ap", A>0, ~>1, (1.2)

where A is an entropy constant and < is the adiabatic exponent. T denotes the viscous
stress tensor with the form

T = pu(p)(Vu + (VU)T) + Ap)divu I3, (1.3)
where I3 is the 3 x 3 identity matrix,
u(p) =ap’,  Ap) = Bp°, (1.4)

for some constant § > 0, p(p) is the shear viscosity coefficient, A(p) + 2u(p) is the bulk
viscosity coefficient, o and S are both constants satisfying

a>0, and 2a+35>0. (1.5)
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2 ZHOUPING XIN AND SHENGGUO ZHU

Let Q = R3. Assuming 0 < § < 1, we look for a smooth solution (p,u) with finite
energy to the Cauchy problem for (1.1)-(1.5) with the following initial data and far field
behavior:

(p,u)|t=0 = (po(z) > 0,up(x)) for z€R3, (1.6)
(p,u)(t,z) — (0,0) as |z|] — o0 for t>0. (1.7)

In the theory of gas dynamics, the CINS can be derived from the Boltzmann equa-
tions through the Chapman-Enskog expansion, cf. Chapman-Cowling [4] and Li-Qin [16].
Under some proper physical assumptions, the viscosity coefficients and heat conductivity
coefficient x are not constants but functions of the absolute temperature 6 such as:

1(0) =a102F(0), MN0) = a202F(0), k(0) = a302F(6) (1.8)

for some constants a; (i = 1,2,3) (see [4]). Actually for the cut-off inverse power force
models, if the intermolecular potential varies as r~%, where r is intermolecular distance,
then in (1.8):

2
F(#)=6" with b= =€ [0,400).
a

In particular, for Maxwellian molecules, a = 4 and b = %; for rigid elastic spherical
molecules, a = oo and b = 0; while for ionized gas, a =1 and b = 2 (see §10 of [4]).

According to Liu-Xin-Yang [22], for isentropic and polytropic fluids , such a dependence
is inherited through the laws of Boyle and Gay-Lussac:

P =Rpd =Ap7”, for constant R >0,

i.e.,§ = AR'p7~! and one finds that the viscosity coefficients are functions of the density
of the form (1.4) with 0 < § < 1 in many cases.

Throughout this paper, we adopt the following simplified notations, most of them are
for the standard homogeneous and inhomogeneous Sobolev spaces:

I£lls = 1F sy, |Flp = 1 Fllzo@sy, 1 Fllmp = 1 lwmrs), | Flor = [ Fllorgays
Ifllxy @ = Ifllx oy, H ={f R >RIIf]%, = / €17 (&)Pdg < oo},
DM = {f € Lipe(R%) : |flprr = [V*f|» < 400}, D" = D2,

D' ={f e L(R%) : |f|pr = [Vfl2 < oo}, [flpr = | llpr(zs),

£l xnx = 1 Fllx: + 1l /R Jfdx = / £, X([0, 7)Y (R%) = X([0,T];Y).

A detailed study of homogeneous Sobolev spaces can be found in [8].

When inf,, po(x) > 0, the local well-posedness of classical solutions for (1.1)-(1.7) follows
from the standard symmetric hyperbolic-parabolic structure which satisfies the well-known
Kawashima’s condition, c.f. [12, 26]. However, such an approach fails in the presence of the
vacuum due to the degeneracies of the time evolution and viscosities. Generally vacuum
will appear in the far field under some physical requirements such as finite total mass in
R3. One of the main issues in the presence of vacuum is to understand the behavior of
the velocity field near the vacuum. For the constant viscosity flow (§ = 0 in (1.4)), a
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remedy was suggested by Cho-Choe-Kim [5], where they imposed initially a compatibility
condition:

—divTo + VP(po) = /pog, for some g€ L*(R?),
which leads to
(v/pus, Vug) € L>([0, T.]; L?)

for a short time T, > 0. Then they established successfully the local well-posedness of
smooth solutions with vacuum in some Sobolev spaces of R3, and also showed that this
kind of initial compatibility condition is necessary for their solution class.

For density-dependent viscosities (§ > 0 in (1.4)), the strong degeneracy of the momen-
tum equations in (1.1) near the vacuum creates serious difficulties for the well-posedness
of both strong and weak solutions. Though some significant achievements [2, 3, 7, 9, 15,
17, 22, 25, 31, 33, 34] have been obtained, however, a lot of fundamental questions remain
open, including the local well-posedness of classical solutions with finite energy in multi-
dimensions for § € (0,1). Our result obtained in this paper has taken a first step toward
this direction.

Compared with flows of constant viscosities, the analysis of the degeneracies in the
momentum equations (1.1)s requires some special attentions. Indeed, for § = 0 in [5], the
uniform ellipticity of the Lamé operator L defined by

Lu 2 —au — (a + B)Vdivu

plays an essential role in the regularity estimates on u. One can use the standard elliptic
theory to estimate |u|pr+2 by the D¥-norm of all other terms in the momentum equations.
However, for 6 > 0, the viscosity coeflicients vanish in the presence of vacuum, which
makes it difficult to adapt the approach in [5] to the current case.

For the cases 0 € (0,00), if p > 0, (1.1)3 can be formally rewritten as

A
w e Vut Ve 4 ) L= Q) (1.9)
where the quantities 1 and Q(u) are given by
¥ 2Vlogp when §=1;
pel

5—1
Qu) 2a(Vu + (Vu) ") + fdivuls.

Vp’~! when 4 € (0,1)U(1,00); (1.10)

When ¢ = 1, according to (1.9)-(1.10), the degeneracies of the time evolution and viscosi-
ties on u caused by the vacuum have been transferred to the possible singularity of the
term V log p, which actually can be controlled by a symmetric hyperbolic system with a
source term Vdivu in Li-Pan-Zhu [18]. Then via establishing a uniform a priori estimates
in L6 N D' N D? for Vlogp, the existence of 2-D local classical solution with far field
vacuum to (1.1) has been obtained in [18], which also applies to the 2-D shallow water
equations. When § > 1, (1.9)-(1.10) imply that actually the velocity u can be governed
by a nonlinear degenerate parabolic system without singularity near the vacuum region.
Based on this observation, by using some hyperbolic approach which bridges the parabolic
system (1.9) when p > 0 and the hyperbolic one u; +u - Vu = 0 when p = 0, the existence
of 3-D local classical solutions with vacuum to (1.1) was established in Li-Pan-Zhu [19].
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The corresponding global well-posedness in some homogeneous Sobolev spaces has been
established by Xin-Zhu [31] under some initial smallness assumptions.

However, such approaches used in [18, 19, 31] fail to apply to the case § € (0,1). Indeed,
when vacuum appears only at far fields, the velocity field w is still governed by the quasi-
linear parabolic system (1.9)-(1.10). Yet, some new essential difficulties arise compared
with the case § > 1:

(1) first, the source term contains a stronger singularity as:
V't = (6 —1)p""'Vlogp,
whose behavior is more singular than that of Vlogp in [18] due to § —1 < 0 when
the density p — 0;
(2) second, the coefficient p°~* in front of the Lamé operator L tends to co as p — 0

in the far filed instead of equaling to 1 in [18] or tending to 0 in [19, 31]. Then it
is necessary to show that the term p?~!Lu is well defined.

0—1

Therefore, the three quantities
(p ", V't o0 L)

will play significant roles in our analysis on the higher order regularities of the fluid velocity
u. Due to this observation, we first introduce a proper class of solutions called regular
solutions to the Cauchy problem (1.1)-(1.7).

Definition 1.1. Let T' > 0 be a finite constant. A solution (p,u) to the Cauchy problem
(1.1)-(1.7) is called a regular solution in [0,T] x R if (p,u) solves this problem in the
sense of distribution and:

(A) p>0, ptec(o,T);H?), Vp'teL®(0,T); L™ nD?;
(B) weC([0,7); H) N L*([0,T]; HY), € C([0,T); HY) N L*([0,T]; D?),
p'T Vue O(0,T; L%, p°7F Vu € L¥([0,T]; L?),
P’V e L®([0,T]; DY), p°~'V2u e C([0,T); H'Y) N L?([0,T]; D?).
Remark 1.1. First, it follows from the Definition 1.1 that Vp®~! € L, which means

that the vacuum occurs if and only in the far field.
Second, we introduce some physical quantities that will be used in this paper:

m(t) :/p(t,:v) (total mass),
P(t) :/p(t,x)u(t,a:) (momentum,),

1
Ei(t) =5 /p(t, z)|u(t,x)|?>  (total kinetic energy),

E(t) =E(t) + / f; (total energy).

Actually, it follows from the definition that a regular solution satisfies the conservation of
total mass and momentum (see Lemma 4.2). Furthermore, it satisfies the energy equality
(see (4.5)). Note that the conservation of momentum is not clear for the strong solution
with vacuum to the flows of constant viscosities [5]. In this sense, the definition of regular
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solutions here is consistent with the physical background of the compressible Navier-Stokes
equations.

The regular solutions select velocity in a physically reasonable way when the density
approaches the vacuum at far fields. Under the help of this notion of solutions, the
momentum equations can be reformulated into a special quasi-linear parabolic system
with some possible singular source terms near the vacuum, and the coefficients in front of
Lamé operator L will tend to co as p — 0 in the far filed. However, the problem becomes
trackable through an elaborate linearization and approximation process.

Now we are ready to state the main results in this paper. First we prove the existence
of the unique regular solution with Vp°~! € C([0,T]; D! N D?) to (1.1)-(1.7).

Theorem 1.1. Let parameters (7,0, c, 8) satisfy
v>1, 0<d<l, a>0, 2a+38>0. (1.11)
If the nitial data (pg,up) satisfies

s—1
po >0, (o3 ' uo) € HY, VpiteD'nD? Vp,2 el (1.12)
and the nitial compatibility conditions:
32 1-5 5—1 16
Vug = py* 91, Lug = py 92, V(Po Luo) =0o” 93 (1.13)

for some (g1, g2, 93) € L?, then there exist a time T, > 0 and a unique reqular solution
(p,u) in [0,T,] x R3 to the Cauchy problem (1.1)-(1.7) satisfying:

p'T Vg € L¥([0,TL); L%), o7V, € L2([0,T]; L?),
tzu € L°([0,T.); DY), t2u, € Lo([0,T.]; D) N L3([0, T3]; D?),
wy € L2([0,T0]; L?), tzuy € L([0,T.]; L*) N L*([0, T.); DY), (1.14)
p'=% € L=([0,T,]; L= n DY N D*3 N D3),
vp'~t e C([0,T); D' N D?), Vliogp € L>([0,T.,]; L= N LS n D n D?).
Moreover, if 1 <~ <2, (p,u) is a classical solution to (1.1)-(1.7) in (0,T.] x R3.

Remark 1.2. The conditions (1.12)-(1.13) in Theorem 1.1 identify a class of admissible
initial data that makes the problem (1.1)—(1.7) solvable, which are satisfied by, for ezample,
1

3
:m, uo(z) € C3(R?), and ——— <a<

1
A(y— 1) 4(1-0)

Particularly, when Vug is compactly supported, the compatibility conditions (1.13) are
satisfied automatically.

po(z)

Second, we can also prove the existence of the unique regular solution with Vp?~! €
C([0,T); L N DY3 N D?) to (1.1)-(1.7).

Theorem 1.2. Let (1.11) hold, and q € (3,+00) be a fized constant. If the initial data

(po,uo) satisfies
5;

1
po >0, (pl 'u)e HS, Vi teLinDY¥nD? Vp,? elLS, (1.15)
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and the initial compatibility conditions (1.13), then there exist a time Ty > 0 and a unique
regular solution (p,u) in [0, Ty] x R3 to the Cauchy problem (1.1)-(1.7) satisfying:

tzu e L([0,T.); DY),  t2u, € Lo([0,T.]; D) N L3([0, To]; D?),
uy € LA([0,TL); L2),  t2uy € L2([0,T.]; L2) N L2([0,T.]; DY),
p'=0% e L®([0, T.]; L= N DY n DY 0 DY 0 D?? 0 D?), (1.16)
vpi~t e C([0,T); L N DY N D?),
Viogp € L=([0,T.]; LY N LS N 1> N D3 n D?).
Moreover, if 1 <~ <2, (p,u) is a classical solution to (1.1)-(1.7) in (0,T.] x R3.
Remark 1.3. The conditions (1.15) and (1.13) in Theorem 1.2 identify a class of admis-

sible initial data that makes the problem (1.1)—~(1.7) solvable, which are satisfied by, for
example,
1 3 1-3/q
= — C3(R? d —— ——
1+’$‘2a’ ’LLO(.%') € 0( )7 an 4(7_1) <a< 2(1—6>

It should be pointed out that, for such kind of initial data, when q is chosen large enough,
the range of a is wider than that of a shown in the example of Remark 1.2. Howewver,
for general initial data, the conclusion obtained in any one of Theorems 1.1-1.2 cannot be
implied by that of the other one.

po()

Remark 1.4. The compatibility conditions (1.13) are also necessary for the existence of
reqular solutions (p,u) obtained in Theorems 1.1-1.2. In particular, the one shown in

(1.13)2 ((1.13)3) plays a key role in the derivation of uy € L>([0, T.]; L?(R?)) (,06;21Vut €
L>=([0, T.); L2(R3))), which will be used in the uniform estimates for |u|p2 (|u|ps).

A natural question is whether the local solution in Theorems 1.1-1.2 can be extended
globally in time, and what the large time behavior is. In contrast to the classical theory
for the constant viscosity case [10, 24, 30|, we show the following somewhat surprising
phenomenon that such an extension is impossible if the velocity field decays to zero as t —
+o00 and the initial total momentum is non-zero. First, based on the physical quantities
introduced in Remark 1.1, we define a solution class as follows:

Definition 1.2. Let T > 0 be any constant. For the Cauchy problem (1.1)-(1.7), a
classical solution (p,u) is said to be in D(T) if (p,u) satisfies the following conditions:

(A) Conservation of total mass: 0 < m(0) =m(t) < oo for any t € [0,T7;
(B) Conservation of momentum: 0 < |P(0)| = |P(t)| < 400 for any t € [0,T7];
(C)  Finite kinetic energy: 0 < Ei(t) < oo for any t € [0,T].

Then one has:

Theorem 1.3. Let parameters (7,0, «, ) satisfy

v>1, 6§>0, a>0, 2a+38>0. (1.17)
Then for the Cauchy problem (1.1)-(1.7), there is no classical solution (p,u) € D(00) with
lim sup |u(t, )| = 0. (1.18)

t——+o0
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According to Theorems 1.1-1.3 and Remark 1.1, one shows that
Corollary 1.1. Let (1.11) hold and

3
1<y<s. (1.19)
Assume that m(0) > 0 and |P(0)| > 0. Then for the Cauchy problem (1.1)-(1.7), there is
no global regular solution (p,u) defined in Definition 1.1 satisfying the following decay

lim sup |u(t, )| = 0. (1.20)

t—4o00

Moreover, according to Theorem1.3, Remark 1.1 and [5, 6, 10], for constant viscosity
flow, one can give the following example: the classical solution exists globally and keeps
the conservation of total mass, but can not keep the conservation of momentum for all the
time t € (0, 00).

Corollary 1.2. Let 6 =0 in (1.4). For any given numbers M >0, v € (%, 1], and p > 0,
suppose that the initial data (po,uo) satisfies

E(0) <00, wug€ H ND'NnD3, p§ e H, (1.21)
(po, P(po)) € H®, 0 <infpy <suppo <p, |luflz <M,
and the compatibility condition
—alug — (o + B)Vdivug + VP(po) = poga;

for some gy € D' with p%g4 € L2. Then there exists a positive constant { depending on
a, B, A, v, p, L and M such that if

E(0) < ¢, (1.22)

the Cauchy problem (1.1)-(1.7) has a unique global classical solution (p,u) in (0,00) x R3
satisfying, for any 0 <1 <T < 00,

E(t) < E(0), te€[0,00); 0<p(t,x)<2p, (tz)€[0,00) x R (1.23)
p2 € C(O.TLH'):  m(t) =m(0), e [0,00); (1.24)
g2 (min{1,¢})° / pla]> <2E(0)2;  (p, P(p)) € C([0,T); H?); (1.25)
u e C([0,T]; D* n D3 N L*([0, T]; D*) N L>([r, T]; D*); (1.26)
uy € L°°([0,T); DY) n L2([0,T]; D*) N L*°([r, T); D*) n H'([r,T]; D), (1.27)

for i =us + u - Vu, and the following large-time behavior
tlim / (Ip® + p%\u|4 +|Vul?)(t,z)dx =0, for any constant b > 1. (1.28)
—00

Furthermore, if m(0) > 0 and |P(0)| > 0, then the solution obtained above can not keep
the conservation of the momentum for all the time t € (0, 00).
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Remark 1.5. Note that the classes of initial data for Corollary 1.2 is a sub-class of initial
data for the global well-posedness theory in [10]. Indeed, compared with the assumptions
on initial data in [10], additional conditions,

1
pe € H', m(0) >0, and [|P(0) >0,

are required here to keep the conservation of positive total mass, and satisfy the assump-
tions of Theorem 1.5.

Remark 1.6. Note that for the regular solution (p,u) obtained in Theorems 1.1-1.2, u
stays in the inhomogeneous Sobolev space H? instead of the homogenous one D' N D3 in
[5] for constant viscous flows.

It is also worth pointing out that recently, if the initial density is compactly supported,
Li-Wang-Xin [14] prove that classical solutions with finite energy to the Cauchy problem
of the compressible Navier-Stokes systems with constant viscosities do not exist in general
in inhomogeneous Sobolev space for any short time, which indicates in particular that the
homogeneous Sobolev space is crucial as studying the well-posedness (even locally in time)
for the Cauchy problem of the compressible Navier-Stokes systems in the presence of such
kind of the vacuum.

Based on the conclusion obtained in Theorems 1.1-1.2 and [14], first there is a natural
question that whether one can obtain the local-in-time existence of the classical solutions
with finite energy in inhomogeneous Sobolev space to the Cauchy problem of the compress-
ible Navier-Stokes systems with constant viscosities under the assumption that the initial
density is positive but decays to zero in the far field, or not. This has been solved recently
for the one-dimensional full compressible Navier-Stokes equations with constant viscous
and heat conductive coefficients by Li-Xin [20, 21]. Second, can the conclusion obtained
in [14] be applied to the degenerate system considered here? Due to the obvious difference
on the structure between the constant viscous flows and degenerate viscous flows, such
questions are not easy and will be discussed in our future work Xin-Zhu [32].

Remark 1.7. Under the assumption inf py = 0, in Li-Xin [15], the global existence of
weak solutions to the Cauchy problem (1.1)-(1.7) has been established for the cases 3/4 <
d <1, 1 <v<66—3 in the three dimensional space, and 1/2 < § <1, v > 1 in the two
dimensional space.

The rest of this paper is organized as follows. In Section 2, we list some basic lemmas
to be used later.

Section 3 is devoted to proving Theorem 1.1. First, in order to analyze the behavior of
the possible singular term Vp°~! clearly, we enlarge the original problem (1.1)-(1.7) into
(3.2)-(3.5) in terms of the following variables

Ay 0 _ 1) Ay \3=S_ e
_ ATyl :7v51:7(7)7 Vo1 = (0 @ 4G

6= T =gV = p o (CT) TV = w0 0,

in §3.1. Then the behavior of the velocity u can be controlled by the following equations:

ug +u-Vu+ Vo + ap*Lu =1 - Q(u),

—2e

% , and e= % < 0. Due to the fact that $?¢ has an uniformly

positive lower bound in the whole space, then for this special quasi-linear parabolic system,

where a = (
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one can find formally that, even though the coefficients a¢*® in front of Lamé operator
L will tend to co as p — 0 in the far filed, yet this structure could give a better a priori
estimate on u in H3 than those of [5, 18, 19, 31] if one can control the possible singular
term 1 in D' N D2, According to (1.1)2 and (3.9), ¢ is governed by

3
G+ A(u)d + Bu)yp + 6ag* Vdivu = 0, (1.29)
=1

where the definitions of A; (I = 1,2,3) and B can be found in §3.2.1. This implies that
actually the subtle source term 1 could be controlled by a symmetric hyperbolic system
with a possible singular higher order term §a¢?¢Vdivu. In order to close the estimates, we
need to control ¢**Vdivu in D' N D?, which can be obtained by regarding the momentum
equations as the following inhomogeneous Lamé equations:

aL(¢*u) =~y — - Vu— Vo + - Qu) — =Gl w) = W,
with
G(Y,u) = ay - Vu+ adiv(u ® ¢) + (a + ) (¢dive + 1 - (Vu) + u - V).
In fact, one has
6%V 2u| p1 <O(|9]oo| V2ul2 + [*V2ul2)
<O(|9loo|VPulo + [Vl3|Vuls + [Vla]u|oo + W |p1),

for some constant C' > 0 independent of the lower bound of the density provided that

(1.30)

¢*u — 0 as |z| = 400,

which can be verified in an approximation process from non-vacuum flows to the flow with
far field vacuum. Similar calculations can be done for |¢?¢V2u|p2. Thus, it seems that at
least, the reformulated system (3.2):

¢t +u-Vo+ (v —1)pdivu = 0,
g +u-Vu+ Vo + ap*Lu =1 - Q(u),

Yy + V(u- ) 4 (0 — 1)odivu 4 dag?*Vdivu = 0,

can provide a closed a priori estimates for the desired regular solution. Next we need to
find a proper linear scheme to verify the energy estimate strategy discussed above.
Second, in §3.2, we give an elaborate linearization (3.15) of the nonlinear one (3.2)-
(3.5) based on a careful analysis on the structure of the nonlinear equations (3.2), and the
global approximate solutions for this linearized problem when ¢(0,x) = ¢g has positive
lower bound 7 are established. The choice of the linear scheme for this problem requires
additional care due to the appearance of the far field vacuum. Some necessary structures
should be preserved in order to establish the desired a priori estimates according to the
strategy mentioned in the above paragraph. For the problem (3.2), a crucial point is how
to deal with the estimates on . According to the analysis in the above paragraph, we
need to keep the two factors ¢*¢ and Vdivu of the source term da¢?¢Vdivu in equations
(1.29) in the same step. Then let v = (v, v v(3)) € R? be a known vector and g be a
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known real (scalar) function satisfying (v(0, ), g(0,)) = (uo, (¢0)%¢) and (3.16). It seems
that one should consider the following linear equations:

¢t +v-Vo+ (v —1)edive = 0,

us +v- Vo + Vo + ad®*Lu =9 - Q(v), (131)

Yt + ZAI )OI + B(v)y + dagVdive = 0.

However, it should be pointed out that, in (1.31), the relationship

ad
¢—5

between 1 and ¢ has been destroyed due to the term gVdive in (1.31)3. Then the estimates
for the linear scheme (1.31) encounter an obvious difficulty when one considers the L?
estimate on u:

;dt [u|3 + aa|p*Vul3 + a(a + B)|¢¢divul3
—/(U-V?H—qu—l—aner Qu) — - Qv)) - u (1:32)
——

#

The factor V¢2¢ does not coincide with 2 11/1 in this linear scheme, which means that
there is no way to control the term aV$2 - Q(u) in the above energy estimates. In order
to overcome this difficulty, in (3.15), we first linearize the equation for h = ¢?¢ as

hi +v-Vh+ (6 —1)gdive = 0, (1.33)
and then use h to define ¢ = 5* IVh again. The linearized equations for u are chosen as

u+v-Vo+Vo+avVh?+eLu=1¢-Qv)

for any positive constant € > 0. Here the appearance of € is used to compensate the lack
of lower bound of h. It follows from (1.33) and the relation ¢ = %Vh that

Yi + Z Aj(0)A + (Vo) T4 + ad (gVdive + Vgdive) = 0,

which turns out to be enough to get desired estimates on .

In §3.3, the a priori estimates independent of the lower bound (€,7) of the solutions
(=", h&1 )M 4" to the linearized problem (3.15) are established. In order to deal with
the limit process from our linear problem to the nonlinear one, we need some uniform
estimates on the following new quantities:

p=hT, f=tp= = (f, f2, ).
An observation used in this subsection is that the initial assumption (3.6) implies that

©0(0,z) € L*NDYYND*3 N D3 f(0,2) € LN LN D" nD2
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According to the definitions of (p, f) and the equation for h, one can also show that (¢, f)
can be controlled by some hyperbolic equations without degenerate or singular source
terms. Based on these facts, we can obtain some uniform estimates on ¢ and f, which
are sufficient for the strong compactness argument used in §3.5. In §3.4, one obtains the
uniformly local-in-time well-posedness of the linearized problem when ¢9 > 1 > 0 but
without the artificial viscosity by passing to the limit e — 0.

In §3.5, based on the above analysis for the choice of the linearization and a new
formulation of our problem (see (3.93)), the unique solvability of the classical solution
away from vacuum to the nonlinear reformulated problem (3.2)-(3.5) through an iteration
process is given, whose life span is uniformly positive with respect to the lower bound 7
of ¢g. Actually, the behavior of u in this subsection is controlled by the following linear
equations:

plug +v-Vo+ Vo) +aLu = f - Qv),
which is also a special quasi-linear parabolic system with some possible singular source
terms f - Q(v) near the vacuum, and the coefficients ¢ in front of the time evolution
operator u = us + u - Vu will tend to 0 as ¢ — 0 in the far filed. However, based on the
uniform estimates on (¢, u, h,1) and (¢, f) established in §3.4, this structure can avoid
some difficulties on the strong convergence of terms such as gVdivv and hLu in the linear
scheme (3.15). The details can be found in the proof of this subsection.

Based on the conclusions of §3.5, one can recover the solution of the nonlinear refor-
mulated problem allowing vacuum in the far field by passing to the limit as  — 0 in
§3.6. Then in §3.7, one can show that the existence result for the reformulated problem
indeed implies Theorem 1.1. Theorem 1.2 can be proved by a similar argument as used in
Theorem 1.1.

Finally, Section 4 is devoted to the proof of the non-existence theories of global regular
solutions with L>° decay on w shown in Theorem 1.3 and Corollaries 1.1-1.2. Furthermore,
it should be pointed out that our framework in this paper can be applied to other physical
dimensions, say 1 and 2, with some minor modifications.

2. PRELIMINARIES

In this section, we list some basic lemmas to be used later. The first one is the well-
known Gagliardo-Nirenberg inequality.

Lemma 2.1. [13] For p € [2,6], ¢ € (1,00), and r € (3,00), there exists some generic
constant C > 0 that may depend on q and r such that for

fe H(R?, and g LYR* N D (R,
it holds that
|f|§ < C‘f|§67p)/2’v!f|ggp76)/2, |g|oo < C|g|g(r—3)/(37’+(I(7’—3))’vg‘iT/(3T+Q(T—3))' (2.1)
Some special cases of this inequality are
1 1
luls < Clulpt,  |ulo < Clulg|Vulg,  |ulso < Cllullw. (2.2)
The second lemma gives some compactness results obtained via the Aubin-Lions Lemma.

Lemma 2.2. [28] Let Xg C X C X be three Banach spaces. Suppose that X is compactly
embedded in X and X is continuously embedded in X1. Then the following statements hold.
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i) If J is bounded in LP([0,T]; Xo) for1 < p < 400, and %—‘t] is bounded in L* ([0, T]; X1),
then J is relatively compact in LP([0,T]; X);

ii) If J is bounded in L>([0,T]; Xo) and % is bounded in LP([0,T]; X1) for p > 1,
then J is relatively compact in C([0,T]; X).
The third one can be found in Majda [23].
Lemma 2.3. [23] Let r, a and b be constants such that

1:14—1, and 1<a, b, r < oc.
r a b
Vs > 1, if f,g € WS N WSP(R3), then it holds that
IVo(f9) = FV°glr < Cs(IV flal Vo gl + V2 Flsl9la), (2.3)
IVo(f9) = FV°glr < Cs(IV f1al Vo gl + 1V flalgls), (2.4)

where Cs > 0 is a constant depending only on s, and V°f (s > 1) is the set of all &gf
with |(| = s. Here ¢ = ((1,(2,(3) € R? is a multi-index.

The following lemma is important in the derivation of the a priori estimates in Section
3, which can be found in Remark 1 of [1].

Lemma 2.4. [1] If f(t,z) € L*([0,T); L?), then there exists a sequence sy such that
sp— 0, and sglf(sp,x)3 =0, as k— +oo.

The following regularity estimate for the Lamé operator is standard in harmonic anal-
ysis.

Lemma 2.5. [29] If u € DM(R3) with 1 < q¢ < 400 is a weak solution to the problem

—alu — (a+ B)Vdivu = Lu = Z,
(2.5)
u—0 as |z|— +oo,

then it holds that

|u| pr+2.q < C|Z| ph.a,
where the constant C > 0 depends only on «, B and q.

The final lemma is useful to improve a weak convergence to the strong convergence.

Lemma 2.6. [23] If the function sequence {wy}22, converges weakly to w in a Hilbert
space X, then it converges strongly to w in X if and only if

lwllx = lim sup, o0 [[wn] x-
3. LOCAL-IN-TIME WELL-POSEDNESS OF REGULAR SOLUTIONS

This section is devoted to proving Theorem 1.1. To this end, we first reformulate the
original Cauchy problem (1.1)-(1.7) as (3.2)-(3.5) below in terms of some new variables,
and then establish the local well-posedness of the smooth solution to (3.2)-(3.5). In the
end of this section, one can show that the existence result for the reformulated problem
indeed implies Theorem 1.1.
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3.1. Reformulation. In terms of variables

1-6
vl = L(ﬂ)ﬁwﬁ‘fi — (W, @ @) (3.1)
S—1\y—1 o

and u, the system (1.1) can be rewritten as

<z5— Ll =

-1 0—1

Ot +u-Vo+ (v — 1)epdivu = 0,
us +u - Vu + Vo + ag®*Lu = ¢ - Q(u), (3.2)

Yy + V(u- )+ (0 — 1)odivu 4 dag?*Vdivu = 0,

where

The initial data is given by

_ _ (A g
(6,1 9)li=0 = (0,10, 100) = (=78 ) o), 5
(¢, u,1) is assumed to satisfy the far field behavior:

(¢,u,v) — (0,0,0), as |z] = +oo, t>0. (3.5)

To prove Theorem 1.1, our first step is to establish the following well-posedness to the
reformulated problem (3.2)-(3.5).

Theorem 3.1. Let (1.11) hold. If the initial data (¢g, uo,10o) satisfies:
b0 >0, (do,up) € H, o€ D'ND? V¢§e LY, (3.6)
and the initial compatibility conditions:

Vug = ¢ g1, alug = ¢y2°g2, V(agi®Lug) = é s, (3.7)
for some (g1,92,93) € L?, then there exist a time Ty > 0 and a unique classical solution
<¢, u, P = 72 1V¢26> to the Cauchy problem (3.2)-(3.5), satisfying

¢ € C([0,T,]; H?), V¢/p € L°°([0,T.]; L>° N LS n D3 n D?),

Y € C([0,T.); D' N D?), ¢~2¢ e L>=([0,T.]; L= N D'* N D?3n D?),

u€ C(0, L. H*) N L*((0, T.; HY),  ¢**Vu € L*([0, T.]; DY),

$*V2u € C([0,T.); HY), ¢*V?u e L*([0,T.]; D?), ¢°Vu € C([0,T.]; L?), (3.8)
¢°Vuy € L=([0,T.); L?), wu € C([0,T.]; HY) n L*([0, T.); D?),

(62°V2u), € L2([0,T.]; L2), uy € L2([0,To]; L?), t2u € L®([0, T,); DY),

t2uy € L2([0, T.]; D?) N L2([0, To); D), tZuy € L¥((0,T2); L2) N L2([0, T.]; D).

This theorem will be proved in the subsequent four Subsections 3.2-3.6.
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3.2. Linearization. In order to solve the nonlinear problem (3.2)-(3.5), we need to con-
sider the corresponding linearized problem. Before this, it is necessary to analyze the
structure of the equations (3.2).

3.2.1. Structure of the nonlinear equations (3.2). First, due to the definition of v, if ¢ €
DY2(K) N D*2%(K) for any compact set K C R3, a direct calculation shows that

&,w(j) — 8j1p(i) fori,j7=1,2,3

in the sense of distributions. Thus, (3.2)2 can be rewritten as

3
Ye+ > A0 + By + 6a¢* Vdivu = 0, (3.9)
=1

where A; = (aéj)gxg for i,4,1 = 1,2, 3, are symmetric with

aéj =u) fori=j; otherwise aéj =0,
and B = (Vu)" + (§ — 1)divulz. This implies that the subtle source term 1 could be
controlled by the symmetric hyperbolic system (3.9).

Second, for equations (3.2)3, note that the coefficients a¢?¢ in front of the Lamé operator
L will tend to oo as ¢ — 0 in the far filed. In order to make full use of this special structure,
though system (3.2) for (¢, u,1) has been already a closed one, it is helpful to get some
more precise estimates by introducing two auxiliary quantities:

2aed
o=, f=tp= 220 Ve_ () @) fO) (3.10)
0—1 ¢
Next, we will show formally the time evolution mechanisms of (¢, f) based on the initial
regularities (3.6) and system (3.2). On the one hand, it follows from (3.1) and (3.10) that
ad
0—1
which, along with (3.6), implies that

o _
00 °Veo,  fo = wot, (3.11)

_ a
Ve = —5oi

o =

2aed
0—1
On the other hand, it follows from (3.1) and equations (3.2) that
or+u-Vo—(§ —1)pdive =0,
fit+V(u- f)+ adVdivu =0.
If f € DY2(K) N D??(K) for any compact set K C R3, a direct calculation shows that

(9¢f(j) — ajf(i) fori,j=1,2,3

0o =¢g2¢ € L°NDND*»¥ND3 f= Veo/po € L°NLS N DY D% (3.12)

(3.13)

in the sense of distributions. Then (3.13)2 can be written as

3
fe+ > A + B f + adVdivu =0, (3.14)
=1

where B* = (Vu)'. Thus f satisfies the symmetric hyperbolic system (3.14).



NAVIER-STOKES EQUATIONS 15

It should be pointed out that a key observation here is that the structure in (3.13)-
(3.14) for (i, f) makes it possible to show that the subtle term a¢?Lu is well defined in
H? when vacuum appears in the far field.

3.2.2. Linearized problem for uniformly positive initial density and artificial viscosity. Mo-
tivated by the above observations, we will consider the following linearized problem for

(¢, u,h):
¢t +v-Vo+ (v — 1)pdive =0,

u+v-Vo+Vo+avh?+e2Lu=1-Q(v),
ht +v-Vh+ (6§ —1)gdive = 0, (3.15)
(¢,U, h)|t=0 = (¢0,U0, hO) = (¢01 Uuo, (¢0)26)7 S Rga

(¢, u,h) = (¢>°,0,h>), as |z|— +oo, t>0,
where € and ¢ are both positive constants,

he — (¢OO)267 w — ad

5—1
v = (v, v® ) € R3is a known vector and g is a known real (scalar) function satisfying
(v(0,2), (0, 2)) = (uo, ho) = (uo, (¢0)**) and:

g€ L*NC(0,T]xR%), VgeC([0,T);H?), g:€C(0,T]; H?),

Vg € L2([0,T]; L?), v e C([0,T]; H3) N LA([0,T]; HY), t2v e L=([0,T]; DY),

vy € C([0,T); HY) N L2([0,T]; D?), vy € L*([0,T7]; L?),

t2u € L%(0,T); D) N L2([0,T]; D%),  t3vy € L([0,T); L*) N L*([0, T]; DY),

where T' > 0 is an arbitrary constant.

Now the following global well-posedness in [0, 7] x R? of a classical solution to (3.15)
can be obtained by the standard theory ([5, 13, 23]) at least when ¢q is uniformly positive
and € > 0.

Lemma 3.1. Let (1.11) hold and € > 0. Assume that (¢o,ug, ho = (¢0)*¢) satisfies
n<¢o, ¢o—¢*€H, wugeH’, (3.17)

Vh,

(3.16)

for some constant n > 0. Then for any T > 0, there exists a unique classical solution

(p,u, h) in [0,T] x R to (3.15) such that
b—¢>* e C(0,T]; H?), heL*nC(0,T] xR3, VheC([0,T];H?),
hy € C([0,T]; H?), e C([0,T); H*) n L*([0,T]; HY),
w € C([0,T); HY) N L2([0,T}; D?), uy € LX([0,T); L%, t2u e Lo([0,T); DY),
tau, € Lo([0,T): D*) N L2([0,T); D®), t2uy € L([0, T]; L) N L2([0, T]; DY).

(3.18)

Remark 3.1. For the initial assumption on hg, due to

n< o, do—¢>*€H and hy= (¢o)*,
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it holds that
ho € L™ and Vhye H>.

Next we are going to establish the uniform a priori estimates independent of (e,7) for
the unique solution (¢, u, h) to (3.15) obtained in Lemma 3.1.

3.3. A priori estimates independent of (¢,71). Let (¢o,uo, ho = (¢0)*¢) be a given
initial data satisfying the hypothesis of Lemma 3.1, and assume that there exists a constant
co > 0 independent o f 1 such that

INg =2+ ¢ + [|¢o — ¢ |l3 + [Vholpriap2 + [[uollz + |g1l2 + [g2]2 (3.19)
+lgsl2 + lhg M| Leonpronpzanps + [|[Vho/hol Leenrsapranps <co, '
where

g1 = ¢5Vug, g2 = agf)%eLuo and g3 = gZ)SV(aqbgeLuo). (3.20)

Remark 3.2. The choice of the constant ¢y, independent of n, will be verified in the limit
process from the non-vacuum problem to the one with far field vacuum in Subsection §3.6
(see (8.131)).

Remark 3.3. First, it follows from (3.20), ¢o9 > n and the far field behavior of (¢, u,h)
shown in (3.15)5 that

5—
aL(¢3%uo) = g2 — TlG(ﬂ)o,uo),
(3.21)

P2ug — 0 as |z| — +oo,
where
G =avy - Vug + adiv(ug @ o) + (a + ) (Yodivug + 1o - (Vug) + uo - Vio).
Then Lemma 2.5 and (3.19) imply that

|65°uo| p2 < C(|gal2 + |G (1o, ug)|2) < C1 < + oo,

22 2¢ (3.22)
|95 V=ugl2 < C(|dp uo| p2 + [Vebols|uols + [toleo|Vuol2|) < C1 < + o0,

where C is a positive constant depending on (co, A, a, 3,7, 9), but is independent of (e, n).
Second, due to V¢3¢ € L? and (3.22), one gets easily

|66V ol2 + |86V (o - Q(ug))]2 < C1 < +00. (3.23)

Now we fix T' > 0, and assume that there exist some time 7% € (0, 7] and constants ¢;
(¢ =1,...,5) such that

1<ce<cr <cg<eg<cq<os,
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and
2 2 2 ~ 2
swp V9Ol < sup @ + [ (ol + fulf)at <d
0<t<T* 0<t<T* 0
T*
sup (\v!%g+|Ut!%+\gv2vlg)(t)+/ (yv|§)3+yvtlzD1)dt <c3,
0<t<T* 0
T*
sup (ol -+ ol + Lo ) O + [ (ol + [l + ouff) e <, (320
o<t<T* 0
2,12 2 r 2 2 2
sup (19V%ols +1aB)® + [ (107203 + 990l )at <ci
0<t<T* 0

T*
ess sup t(|vt%g + |v|%e + |vtt|§)(t) +/ t(|vtt%1 + |’Ut|§)3)dt <ci.
0<t<T* 0

T* and ¢; (i = 1,...,5) will be determined later (see (3.79)), and depend only on ¢y and
the fixed constants (A, «, 3,7,0,T).

In the following we are going to establish a series of uniform local (in time) estimates
independent of (e,n) listed as Lemmas 3.2-3.7. Hereinafter, C' > 1 will denote a generic
positive constant depending only on fixed constants (A, «, 8,7,0,T).

3.3.1. The a priori estimates for ¢. Now we estimate ¢.

Lemma 3.2. Let (¢,u,h) be the unique classical solution to (3.15) in [0,T] x R3. Then

lo(t) — 6|13 < Ccg. |¢u(t)]2 < Ceoca,  6e(t)|pr <Ceqcs,

(3.25)
|66(t) | p2 < Cegea,  |u(t)|2 < Cci / lpull§ ds <Ccfei,
for 0 <t < Ty = min(T*, (14 c4)72).
Proof. First, the stand energy estimates for transport equations and (3.24) give
t ¢
160 — 6%l < (60 — 67l +6% [ [Follads) exp (C [ [ullads)
0 0 (3.26)

<Ccy for 0<t<Ty=min(T* (1+cq)"?).
Second, it follows from the equation (3.15); and (2.2) that, for 0 < ¢ < Ty,
|¢:()]2 < Cllolli (VoI + [loo) <
|6:(t)[pr < Cllv]l2(IVll1 + |loc) < Ceoes, (3.27)
|6¢(t)[p2 < Cllv[l3([Voll2 + [¢loc) <
At last, using the relation

¢t = —vi - Vo —v -V — (v = 1)gpdive — (v = 1)diver,

CCOCQ,

Ceocey.
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and the assumption (3.24), one has, for 0 < ¢t < T7, that
60()]2 < C(loeli([@loo + [Vll2) + I 2ll1]lv]l2) <Cej,

t t (3.28)
/0 I éeel3ds < © /0 (loel3(IV6ll2 + 19ls0) + 0]l 6e]3)ds <Ceiel.

g

3.3.2. The a priori estimates for 1. Next, we estimate v, which will be used to deal with
the degenerate elliptic operator.

Lemma 3.3. Let (¢,u,h) be the unique classical solution to (3.15) in [0,T] x R3. Then

(O3 + 19O hinpe < Ccg, etz < O, [hi(t)]3 < Oclea,

2 ! 2 2 4 (3.29)
1) H + | (|[uls + |halg) ds < Cey, for 0<t <Th.
0

Proof. Due to ¢ = %Vh and the equation (3.15)3, v satisfies the following system:
3
Ye+ Y Ai(0) + B*(v)¢ + ad(gVdive + Vgdive) = 0. (3.30)
=1

First, set ¢ = (¢1,62,53) " (1 <[g] <2 and ¢ = 0,1,2). Applying 95 to (3.30), multiply-
ing by 2051 and then integrating over R3, one can get

3

d *

21050 < (D2 10 A oo + 1B | ) 195013 + [Oc[al 050z, (3.31)
=1

where
3
O, = 5(B*)) — B* Oy + Y _ (95(A0) — Aidi951)) + adds (gVdive + Vgdive).
=1
For |¢| =1, it is easy to obtain
[Ocl2 SC(IV*0la([Y]oo + [Vloo) + [VOloo(IVO]2 + [V2gl2) +[9V70|pr). (3.32)
Similarly, for |¢| = 2, one has
Ocl2 <C(IVoloe (V22 + [Vigl2) + [V20l3(IVels + [V2gle))
+ CIV0la([¢)]o + [Vgloo) + ClgVdivo| p2.
It follows from (3.31)-(3.33) and Gagliardo-Nirenberg inequality that

(3.33)

d .
%H@ZJ@)HDMD? < Cea||p (@) || pinpz + ClgVdive|pz + Ccf,

which, along with the Gronwall’s inequality, implies that for 0 <t < T7,

t
()| prap2 < (co +Ccit + C’/ |ngivv|D2ds) exp(Ceyt) < Cop. (3.34)
0
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Second, according to equations (3.30), for 0 < ¢ < T1, it holds that
[e(t)]2 < C([vloolttpr + [Vl2]th|oo + [gVP0]2 4 [Vgloo|Vl2) < O, -
3.35
V()2 < C(Ivlls(1¥llprap2 + IVl prap2) +19V0lp) < Ccf.
Similarly, using
Y = =V (v- ) — ad(gVdive + Vgdivo)
for 0 <t < Tj, one gets

t t
/0 e 3ds <C /0 (02173 + [F0f2 Jhel3 + (o2 Vi3 + |12 Verl3) ds
(3.36)

t
+ [ ((aTdivols + [VoRTul} + Vol VaB)ds < Cct
0
Finally, it follows from (2.2) and (3.24) that

1 1 3
|gdive|se <Clgdivel2, |gdive] 2, < C(IVglso| V|2 + Igv%lz) 2 (337

1 301
- (IV2912| Voo + [V gloo| VP0]2 4+ |gV?0[ 1) 2 < Ce e
Then, together with (3.15)3, one gets easily that for 0 < ¢ < 77,
31
|he(t)]oo < C([0]oo|¥]oo + [gdiveles) <Ceicf,

t t (3.38)
/ |haefgds < C/ ([0locltels + [vrlsltloo + [glc| V0l + 1gVurls) *ds <Ccf,
0 0

where one has used the fact that
19V el <C(IVgloo|Vel2 + |gV20r|2)
<C(IVgloo| Vurlz + [(gV0)il2 + |gt|oo| VZ0]2) < Ccf.
O

3.3.3. The a priori estimates for two h-related auziliary variables. In order to obtain the
uniformly a priori estimates and life span independent of the lower bound 7 of ¢g for the
solutions to the corresponding nonlinear problem, it is helpful to give some more precise
estimates for another two new h-related quantities ¢ and f:

p=hTh =t = f_&lw/h = (. £®, ).

Lemma 3.4. Let (¢,u,h) be the unique classical solution to (3.15) in [0,T] x R3. Then
le®51snp2snns + I FO2enrsnpranp: <Cco,
1 2
h(t,z) > 2o gn_ge < (t,x) < 2|¢oloo <2¢p, (3.39)
0
lee @7 snpranpe + I1f®)IFsnp <Cci’,

for 0 <t < Ty =min{Ty, (1 + Ces)~*}.
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Proof. Step 1: Estimates on . It is easy to see that ¢ satisfies the following equation
o1 +v- Vo — (8§ — 1)gpidive = 0. (3.40)
First, along with the particle path X (¢; z¢) defined by
4 X (t;30) = v(s, X (t;20)), 0<t<T;

(3.41)
X(0;20) = o, z € R3,
one has
t ~1
o(t, X (t;z0)) = po(xo) (1 +(1- 5)@0(1’0)/ gdivv(s,X(s;xo))ds) , (3.42)
0
which, along with (3.40), implies that for 7 = min{Ty, (1 + Ccs)™*},
2
72 < ot x) < 2l@0lee < 2¢0, for [t x] € [0, Ty x R3. (3.43)

3

Second, by the standard energy estimates for transport equations, one can obtain

d
—|Vels <CF(1)[Veels + Clel% (19V%0]6 + |[Volso|Vals).

d .
@Iv%ls <CF(t)|VZ¢|3 4+ C|Vels(IV0]6 + [ Vlslgdive]a)
+ Clol2 (lgV2divols + V2|3 V0| + [V glos|VZ0]3)
+ Cleloo| Veols (19V]6 + |V gl V6).

%\ngb <CF(1)[V3pla + C(IVel6|VP0l3 + [VZ0l3|V?0ls)
+ Clol2,(|gV3divels + [Voloo| Vigl2 + V216 V?0]3 + [Vloo| VP0]2)
+ Clgdiveleo | Veol6|V0l3 + CIVIF(IVgloo| Vol + [9V?0]6)
+ Clelool V2el3(1Vloo| Vol6 + 19V70l6)
+ COlploo | Vel6(IVGloo| V0[5 + V2 gl6| Vs + [gV2divol3),
where F(t) = |VU|oo + |¢]oc|gdivy|so. It follows from the Gronwall’s inequality that
() D + o) Bes + lpt)|s < Cc,  for 0 <t < Ty,
Finally, due to the equation (3.40), for 0 < ¢ < Tb, it holds that
ler(t)l6 <C(J0lool Vipls + lipl2]gdivols) < Ced,
IVer(t)|3 <O (Jv]oo| V203 + [V0l6|Viels + |9V 0l6|Veols|oloo)
+ Clel2 (IVgloo| VI3 + [gV?0]3) < Ce,
IV2@1(t)]2 <C(Jvloo VP0l2 + [ V[6| VP03 + [VZ0]3|Viol6) (3.44)
+ Cle2 (IVloo V20l2 + 9V 02 + [V0] 0| V2 gl2)
+ Cleloo| Vel6(19V?0]3 + [Vgloo| V3)
+ClgVuls (IVelg + el Vels) < Ccj.
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Step 2: Estimates on f. Based on the estimates obtained in Lemma 3.3 and the above
step, due to f = 1, it is easy to check that for 0 <t < Tj,

1f(t)loo
IVFt)3 <C(IVelsltls + l¢lool Vibls) < Ccf,
IV2F ()2 <O (1plool V2L2 + [9]6]V0l3 + [Vipl6|Vils) < Ccf,

|3 <C([¢lsleils + @looltils) (t) < COcf,
IV fe(t)l2 <C([¢l6] Vel + [0lool Vibelz + [V [sletls + [Veplsltr]s) (£) < Ccf.

<0, |f(B)ls < [Plolplos < Cf,

It follows from the definition that f satisfies the following equations:

fi + ZAZ YoLf + B*(v) f + ad (g Vdive 4+ ¢Vgdive) — (6 — 1)gpfdive = 0. (3.45)

3.3.4. The a priori estimates for u. Based on the estimates of ¢ and h obtained in Lemmas
3.2-3.4, we are now ready to give the lower order estimates for the velocity u as follows.

Lemma 3.5. Let (¢, u,h) be the unique classical solution to (3.15) in [0,T] x R3. Then

t
VEVu(O + Ju®lR + [ (170} + fuff) ds <Cef
0
. (3.46)
(uls + (5920 + ) 0) + [ (s + ufy) ds <Cefes,
0

for 0 <t < T3 =min(Ty, (1 +cq)~ ).

Proof. Step 1: Estimate on |u|y. Multiplying (3.15) by v and integrating over R3, one
gets from Gagliardo-Nirenberg inequality, Holder’s inequality and Young’s inequality that

1d
2dt

—/(v-Vv—i—VdH—aV\/hQ—i—eQ-Q(u)—1/1‘62(1)))-u

1
<C(|v|oo| V]2 + [Vl + [¥]oo| VAV Ul2| 0|2 + 10| Vo) [ul]2

|u\2 + aoz](h2 +e€ )4Vu\2 +ala+ 5)](h2 + € )4dlvu|2
(3.47)

1
<Ccilul3 + Ces + §aa\\/HVu|§,

which, along with the Gronwall’s inequality, implies immediately that for 0 <t < T,

() + 22 / VAVuds < C(Juol? + est) exp(Celt) < O, (3.48)



22 ZHOUPING XIN AND SHENGGUO ZHU

Step 2: Estimate on |Vuly. Multiplying (3.15)2 by u; and integrating over R3,
gets from the Gagliardo-Nirenberg, Holder’s and Young’s inequalities that

one

1d
57 (aal(h? + )i Vul} + a(a + B)|(? + ) divul3 ) + fuf3

—/(v-Vv+V¢+aV\/m-Q(u)+1/wQ(v))-ut

t(|Vul? + (a + B)|divul?) (3.49)

WGl

1
C([v]oc V012 + [V L2 + [$loo| VAV ula|plZ + 1o Vol2) lurl2
1
+ Clheloclploo | VAVU[ < CEfVRVULE + Ccs + 3,

which, along with the Gronwall’s inequality, implies that for 0 <t < T,

t 3
VAV u(t) 2 +/ lug|3ds < O(ct + cit) exp(Ceit) < Cck, and |u(t)|p;n < Ceg.  (3.50)
0

It follows from the definitions of the Lamé operator L and 1 that

aL(\/h2 + e2u) =av h? + 2Lu — G(VVh2 + €2, u (351)
=—w—v-Vo—Vo+1v Q) — G(VVh2+ e, u '

Then Lemma 2.5 implies that

[Vh2 4+ u(t)| p: <C(Jup+v-Vo+ Ve -1 - Q)2+ |G(VVh? + e, u)l,)

[Vh? + V2u(t)la SC(Vh2 + | p2 + [Vls|uls + [¢]oo| Vulz] + []3 |ul2]oloo)
<C(|Vh2 + €2u|ps + ),

for 0 <t <175, where one has used the fact that

(

<C(juh + ef). (3.52)
(
(

3 1 5
v Vula <Clvls|Vols < C|Vv|3 V0|3, [Vlslule < Ceo|Vuls < Cef.
According to (3.50) and (3.52), one gets
t
/ (]hV2u|% + |V2u|%)ds <Ccj, for 0<t<T =min(Ty, (1+cs)™%).
0
Step 3: Estimate on |u|p2. First, applying 0; to (3.15)9 yields

h
u + av/h2 + Luy = —(v- Vo), — Ve — h(;iﬂhtm + (Y- Q). (3.53)
€
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Second, multiplying (3.53) by u; and integrating over R3 lead to

5 dt‘Utb + CL04](fL2 +€ )4Vut\2 +ala+ B)](h2 +€ )4d1vut\2
:/ ( — (v- V) = Vo —aVV/h2+e-Qu)

ah oL+ (1 - Q(U))t> -y (3.54)

ViR te

1
([v]o0 | Vvel2 + [ve]2| VUl oo + [Vr]2 + |10 VAV |2 0] %) |ue]2

+ C(Iheloo| V?ul2 + [¥]oo| Vrla + [¢e]2] Voo ) 1] 2.
Integrating (3.54) over (T t) (1 € (0,t)) and using Young’s inequality, one has

%|ut ®)]3 + 2 / [VhVus(s)|3ds
) (3.55)
_§|ut(7)]% + Ccﬁ"l/o lug(s)|3ds + Ccit + Cel, for 0<t<T.
It follows from the momentum equations (3.15)2 that
Jue(7)|2 < C(|vlos| VVl2 + (V]2 + [ (7 + €) Lulz + [Y]oo|Vol2) (1), (3.56)
which, along with the assumption (3.16), Lemma 3.1 and (3.19)-(3.20), implies that
lim sup [u(7)]2 <C(|voloo| Vvolz + [Veol2 + |g2l2 + | Luol2 + [1ho]oo| Vol2) (3.57

<Ccl.
Letting 7 — 0 in (3.55), one gets from the Gronwall’s inequality that for 0 <t < T’

¢ t
Gk —l—/ IVhVug|3ds < C(c5t + ¢f) exp (Ccit) < Ccj, / |Vug|3ds < Ccj.  (3.58)
0 0

It follows from (3.52) that for 0 < ¢ < T7,
VR + u(t)| pe SCCQ%C?%, |WV2u(t)|s < Ccécé, lu(t)| pz < Cczgcé. (3.59)
By the classical estimates for elliptic systems in Lemma 2.5 and (3.51), one gets
[VR2 + u(t) ps <C(lue +v - Yo+ Vo — - Q)| pr + |G(VVE? + €, u)|pr)
<C(Juelpr + €5),
(VB2 + V3u(t)]s <C IV + u(t)| ps + [ullallv ]l prap2) (3.60)
+ Cllull (1 + [l B1np2) (1 + [l30)
<C(|Vh2+ u(t)|ps + cf),
which, along with (3.58)-(3.59), implies that,
/Ot (W32 + V%l + Jule)ds < C,

for 0 <t < T3 =min(T’, (1 + c4) ™) = min(Ty, (1 + c4)™1).
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Next some estimates on the higher order derivatives of the velocity w are obtained in
the following two lemmas.
Lemma 3.6. Let (¢, u,h) be the unique classical solution to (8.15) in [0,T] x R3. Then,
t
VAV + ualbs + s + 020l ) 1)+ [ fuffe s <Ccf,
(3.61)

t
[ (to s 2+ | (092 ) s <l

for 0 <t < Ty = min(T3, (1 + c4)~20).
Proof. Multiplying (3.53) by uy and integrating over R? give
aal(h? + )i Va3 + ala + B)| (B + €)idivarl3) + uiel3

1
7t
Vh - Q(ut)> Uy

ah ah
= — (v - V)=V — ———=hLlu+ —
/ ( (v- Vo) ol i e

T / <\/i?ﬁht(a!VUtl2 + (o + Aldivae?) + (6 Q0)r - uar)

<C(Joel2lVvloo + [vloo| Vvtl2 + [V iela + [eloc| VPulz + [the]2] Volo) [use |2

(3.62)

1
+ O ([ loo | Vorlz + [$loo 0|3 VRV ur]a) use]2 + Clheloolploo | VRV 3.
Integrating (3.62) over (7,t) shows that for 0 < ¢ < T3,
t t
WAVua ()2 + / g 2ds < C|(R2 + @) i Vu(1)2 + Celdt + O3 / VhVu2ds. (3.63)
T 0
On the other hand, it follows from the momentum equations (3.15)9 that
IVEhVu(T)|2 <(IVEV (v- Vv + Vo + av/h2 + 2Lu — ¢ - Q(v))]2) (7).
Then by the assumption (3.16), Lemma 3.1, (3.19)-(3.20) and (3.22)-(3.23), one has
lim sup |\/5Vut(7‘)|2 §C(|\/EOV(U(] -Vug)l2 + |\/E0V2(Z)0|2

7—0
+ [VhoV (40 - Q(uo))[2 + |g3 2 + €|V Lug)2) (3.65)
<C(|pguols|V?uol3 + |Vuo|se|d§ Vuol2| + |65 V2dol2)
+C (165 V?uo0l2]t0] 0o + |Vtbols|o§ Vuols + co) < Ccf,

(3.64)

which implies that
1 z
lim sup |v/eVug(7)]2 < lim sup v/e|p|2 VAV (1)|2 < Ce?.
7—0

T—0
Letting 7 — 0 in (3.63) and using the Gronwall’s inequality, one can obtain

t
IVEVuy(t))2 +/ luge (s)|3ds < C(ch + ci*t) exp(Ccit) < Ccl,  |Vug(t)]3 < Ccl, (3.66)
0
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for 0 <t < T3, which, along with (3.60), implies that
|mu|D3 + ]\/mv?)ub + |hV2ulpr < Ccl, |V3uly <CC.
It follows from (3.53) that
a\/mLut =—uy — (v-Vov) — V¢, — \/hghvht[/u + (- Qv))y
:aL(\/mut) + G(V\/m, Ut).

Now applying Lemma 2.5 to (3.51) and (3.67), one gets for 0 <t < T3,

(3.67)

‘ vV h2 + 62’U,t(t)’D2 <C'luy + (’U . VU)t + Vo, — (1/1 : Q(’U))t + \/h;lhi{-@htllu )

+CIG(VVE2 + €, u)l2 < C(lug(t)]2 + cb),
(VA2 + eV (t)|2 <C(VA? + us(t) p2 + 1] prapz| Vurla + W[ uel2|o]0)

<C(|Vh?% + us|p2 + CZ): (368)
((BV?u)i(t)]2 <C(1hV?url2 + [0 VPul2) < C(Jus(t)]a + ),

[u(t) pr <C|(h? + €)% (ug +v - Vo + Vo — 9 - Q)] e
<C(cgluu(t)]z + i)
Using the momentum equations (3.15)y, for multi-index ¢ € R? with |¢| = 2, one has
aL(V/h? + Véu) =av/h? + 2VELu — G(VVR2 + €2, Veu)
= — V24 EVE((h? + )2 (w + v Yo+ Vo -1 Qv))  (3.69)
— G(VVR? + &, VEu),
which implies that
V02 + EV2u(t)| p2
<OWVh2 +VE((h2 + )72 (u +v - Vo + Vo — 4 Q(v)))],

, ) , (3.70)
+ C([Wlsolul ps + V13| Viuls + [Vul2|¥[5|¢loo)
<C(Ju(t)lp2 + ).
Thus, for Ty = min(T3, (1 + ¢4)~2%), it holds that
Ty
/ (1Rl + [uehe + [ulDHa + |AV?ulDe + | (RV?u),[3)dt < Ccg'
0
O

Lemma 3.7. Let (¢, u,h) be the unique classical solution to (8.15) in [0,T] x R3. Then,
t

t(lue(8)[Be + luee(t)]3 + [u(t)[5a) +/ s(use|pr + |uelps) ds < Oc, (3.71)
0

for 0 <t < T5 = min(Ty, (1 +c5)~ ).
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Proof. Now applying 9; to (3.53) yields

ae’h?
heLug + 24 - Q(vr) + Yy - Q(v) + ¢ - Q(vy).

Ut t+a\/ h? + EQLUtt = —2v;- Vo, —vy - Vo —v - Vo — Vo — U

(3.72)

ah ah
——hylu — 22—
h? + €2 h? + €2

Multiplying (3.72) by us and integrating over R? give
1d 2 2 2\ 2 2 2\1 . 2
5@\%%’2 + aa|(h” + €)1 Vuyl5 + a(a + B)|(h° + €7) 1divuy|;
ah

2/ < —2v - Vo — vy - Vo —v - Vo — Vo — ﬁVh N Q(“)tt) s Ut

ae’h? ah
— Lu+ hulu) -u
/<(h2+€2)§ VIZ ¥ &2 it > bt
ah
+ / ( - 27Whtllut + 20 - Q(vy) + Yy - Q(v) + 1 - Q('Utt)> “ Ut
<O (|Vuels|vels + [Volso|vrel2 + [0]oo| Vurel2 + |heele| V2 ul3) g2
1
+ C (w2 + |¢|oo|utt|2)‘\/ﬁvutt‘2’€0|go + Clhe) 2| @loo| V2ul2|ute|2
+ C|ht|oo|V?ut|2|use|2 + C(Wft|3|vvt\6 + |Yut]2|Voloo + |¢|oo|vvtt|2)\utt’2-

(3.73)

Multiplying both sides of (3.73) by ¢ and integrating over (7,t), one can get

ac [t t
tlug (1) |5 + 2/ s|VAVuy|2ds < 7lug (7)]3 + Cch + ch/ s|ug |3ds, (3.74)

where 0 < t < Ty = min(Ty, (1 + ¢5)~20).
It follows from (3.66) and Lemma 2.4 that there exists a sequence sy such that

s — 0, and spluu(sk,z)]3 =0, as k— +oo.

Taking 7 = si and letting kK — 400 in (3.74), due to the Gronwall’s inequality, one has

t

tluge () |3 +/ s|[VhVuy|3ds <Ccjexp(cdt) < Ccl

o (3.75)

/ 8| Vug|3ds <Ccj.
0

According to (3.68), (3.70) and (3.75), it holds that

12|V2u(t)]s < Ceoc?,  t2|VAu(t)]s <Cc22. (3.76)



NAVIER-STOKES EQUATIONS 27

Then it follows from Lemma 2.5 and (3.67) that for 0 <t < T,

ah
VA2 1 2uy ()| ps §C"utt + (0 V)t Vor = (- Q)i sl
+ C|lG(VVR2 + 2,u)| pn
<O(IVusls + e + eallorl p2 + lurl p2)) (3.77)
|V A2 4 2V3u ()2 <C(!x/h2 + 2ut| ps + |ut]oo| V2|2 + [Vug|s| Vi3
+ V2ol loo + [Vaurl2 | hinp2leloo + [uel2l¥ 2 0l3),
which, along with (3.61) and (3.75)-(3.77), implies that
T5
/ t(]Vh2 + u|hs + [AV3w]3 + |V3ue|3)dt < Cef. (3.78)
0
O

Then by Lemmas 3.2-3.7, for 0 < t < Ty = min(T*, (1 + Ces)~2Y), one has
(16 = 615 + o3 + 6 )+ [ Ioulids <O
[ Dinpe < Ccg,  [r(t)]2 <O,
1 t
|he(t)2, < Ccea, h(t,z) > %0’ [9e () +/ (Itbel3 + [hee|§)ds <Cef,
0

377726 < @, (HSOHLoole 6np23np3 T ”f”LoomLGle sap2) (1) <CCOv

(H‘PtHLﬁmemD?"‘Hft||L3mD1 t) <CC )

)
)
VAVl + lu(t)1F + / (IVull? + uf3) ds <Cc,
(‘Uﬁ:ﬂ + [hV2ul3 + |Ut‘%)(t) + /Ot (|U’%s + |hv2u\%1 + |ut‘%1>ds <CcHes,
(|ut|2D1 + |[VhVu |2 + ul3)s + |hV2u|%1)(t) + /Ot |ug|3)2ds <Cej®
/Ot <|Utt|§ + [ulBa + [BVulH + [PVl + \(hV2U)t|§)ds <Ceh!

o+ a3+ ) 0+ [ luals + shuf)ds <Cet
Therefore, defining the time
T* = min(T, (14 C°3 76)~20)
and constants

1 1 11 89 357
=Cacy, =02, c3=03¢8, c1=C2c", ¢5=0C% ", (3.79)
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one can obtain

(6 - ¢°°H3+H¢t||2+r¢n / lbu2ds <2,
1O Porrpe < 2 el + [n(0)] <,

t
ot + / (Weel? + [hel2)ds <2,

2 _
37 <o (lelZmnpronnpzanps + 1 Tenrsnpronpe) (t) <c,
(H%H%Gle 3np2 T Hft”2L3nD1) ) <cs,
VAV + I + [ (173 + ll)as <, (350)
0

t
(s + 105203+ L) (0 + [ (fulba + (592l + \utﬁﬂ)ds <d,
0

i
(IVRVuel3 + [ug 21 + Julbs + [hVulb + [hV2ul2) (¢) +/ |ug|72ds <ci,
0

t
/ (1l + s + (B2l + [(hV20)J3 ) ds <3,
0

t
t(Jurl B + luwl3 + |ulHa) (2) +/ (slueelpr + sluelpa)ds <c3,
0

for 0 <t < T*. In another word, given fixed ¢y and T', there are positive constants T,
¢i (1 =1,2,3,4,5), depending only on ¢y and 7', such that if (3.24) holds for (g,v), then
(3.80) holds for the classical solution to (3.15) on [0,7*] x R3.

3.4. Passing to the limit ¢ — 0. With the help of the (¢, n)-independent estimates
established in (3.80), we now establish the local existence result for the following linearized
problem without artificial viscosity (i.e., ¢ = 0) under the assumption ¢g > 7,

Lemma 3.8.

$+v- Vo + (7 — 1)gdive = 0,

wet v Vo + Vo + ahLu = ¥ - Q(v),

he +v - Vh+ (8 — 1)gdive = 0, (3.81)
(¢, u, h)|i=0 = (do,u0, ho) = (b0, u0, (¢0)*°), =z €R?,

(6, u, h) = (9%,0,h% = (¢=)%), as |a| = +o0, ¢ >0.

Let (1.11) hold. Assume that the initial data (¢o,uo, ho = (¢0)%¢) satisfies

the hypothesis of Lemma 3.1, and there exists a positive constant cy independent of n such
that (3.19) holds. Then there exist a time T* > 0 independent of 1, and a unique classical

solution

@whw—

i)
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in [0, T*] xR3 to (8.81) satisfying (3.18) with T replaced by T*. Moreover, (¢,u, h) satisfies
the estimates in (3.80) independent of 1.

Proof. We shall prove the existence, uniqueness and time continuity in two steps.
Step 1: Existence. First, it follows from Lemmas 3.1-3.7 that for every ¢ > 0 and
n > 0, there exist a time 7" > 0 independent of (e¢,7), and a unique strong solution
(@M, uSm heM)(t, z) in [0, T*] x R? to the linearized problem (3.15) satisfying the estimates
n (3.80), which are independent of (e, 7).

Second, using the characteristic method and the standard energy estimates for transport
equations, and (3.15)3, one gets easily that

|’h€7n(t)HL°°ﬁDl + ’h:m(t”? < C(n7a7/3a77 67 T> (bo,U()), for 0<t< g (382)

Then, by virtue or the uniform estimates in (3.80) independent of (e, n), estimates in
(3.82) independent of €, and the compactness in Lemma 2.2 (see [28]), one gets that for
any R > 0, there exists a subsequence of solutions (still denoted by) (¢", u“", h"), which
converges to a limit (¢",u", h") in the following strong sense:

(6, uS MY 5 (¢, ", hY)  in O([0,T); HA(BR)), as ¢ — 0. (3.83)

Again, due to the uniform estimates in (3.80) independent of n and the estimates in
(3.82) independent of €, there exists a subsequence (of subsequence chosen above) of so-
lutions (still denoted by) (¢©7, u®", h®"), which converges to (¢",u", h") as € — 0 in the
following weak or weak* sense:

(697 — ¢, usT) = (¢ — ¢, u")  weakly* in L®([0,T*]; H?),
(67, ", he™) = (¢f, 4", hi)  weakly* in L([0, T*]; H?),

uf — ] weakly* in L°([0,T*); HY),

(03", V251, V2 fO1) = (¢, V3", V2f1)  weakly* in L([0,T"]; L?),
(VQ emjvftm) (V 90t7 ) weakly* in LOO([07T*]§L2)7

£2 (V2us, uG?, VAueT) — 12 (V27 ul, V4Au)  weakly* in L([0,77]; L2),
(V2 ", Vo VN, f7) = (V2" Ve,V 7, f) - weakly* in L%([0,T7]; L?),
(Voo oy, f1) = (Ve @f, 1) weakly* in L([0,T*]; L°),

(R, Ry, o=, f9T) — (R, B, ", ) weakly* in L([0,T7]; L*),
Vus" —~ Vul weakly in L%([0,T%]; H?),

uf — ] weakly in L2([0,T*]; H?),

JHY),

( t ’h;fn?uttn) (T/Jttahgta“tt) weakly in L? 0,T7];

t3(Vus, VAuS™) — t2(Vaul, V3u7),) weakly in L2([0,T*; L?),
(3.84)

(
(
e~ ¢ weakly in  L*(
(
(

which, along with the lower semi-continuity of weak or weak* convergence, implies that
(¢, u", h") satisfies also the corresponding estimates in (3.80) and (3.82) except those
weighted estimates on u'.
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Collecting the uniform estimates on (¢", u", h'") obtained above, together with the strong
convergence in (3.83) and the weak or weak™ convergence in (3.84), one obtains that

VRN (Vs Vud™) — Van(Vu', Vu))  weakly* in L([0,T*]; L?),

REMV2uST — IV weakly* in L°([0,T*]; H),

(REMV2uS), — (RTV2u);  weakly in  L*( *; L?),
ROMV2uST — BTV weakly in  L*([0,T*]; D' n D?),

(3.85)

0,T
[0,T
which, along with the lower semi-continuity of weak or weak*® convergence again, implies
that (@7, u", h') satisfies also the uniform weighted estimates on u".

Now we are going to show that (¢",u", h") is a weak solution in the sense of distribution
o (3.81). First, multiplying (3.81)2 by test function w(t, z) = (w!, w?, w?) € C*([0, T*) x
R?) on both sides, and integrating over [0,t) x R3 for ¢ € (0,T*], one has

/t/ <u6’" cwg — (v-V)v-w+ ¢€’”divw> dads
0 JR3 t
=— /uo ~w(0,z) + /0 /R3 (\/WLUE’” cw — P Q(v) - w)dxds.

It follows from the uniform estimates obtained above, the strong convergence in (3.83),
and the weak convergences in (3.84)-(3.85) that and letting ¢ — 0 in (3.86) yields

(3.86)

t
/ / (u” cwg — (v-V)v-w+ qb”divw) dads
0 R3

—/uo~w(0,x)+/0t/Rg (h”Lu”-w—w"~Q(v)-w)dxds.

Second, one can use the similar argument to show that (¢, h") satisfies also the equations
in (3.81); and (3.81)3 and the initial data in the sense of distribution. So it is clear that
(¢, u", h'") is a weak solution in the sense of distribution to the linearized problem (3.81),
satisfying the following regularities

(3.87)

¢ — ¢ € L®([0,T"); HY), I e L¥([0,T%] x R%), VA" € L=([0,T"]; H?),
B e L0, T B2), e L(0,T); H) 1 L2(0, T°); HY),
uf € L=([0, T HY) N L*(0,T7]; D),y € L*([0,T7); L?), (3.88)
t2u? € L%([0,7°; DY), t2u) € L¥(0,T*]; D?) 0 L3([0,T*); D),
t2u}, € L([0,T7); L?) N L*([0,T"]; D").
Therefore, this weak solution (¢"7,u", h') of (3.81) is actually a strong one.
Step 2: Uniqueness and Time continuity. Due to the estimate A7 > %, the uniqueness
and the time continuity of the strong solution obtained above can be proved via the

completely same arguments as in Lemma 3.1, so details are omitted.
O
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3.5. Construction of the nonlinear approximation solutions away from vacuum.
In this subsection, based on the assumption that ¢¢ > 7, we will prove the local-in-time
well-posedness of the classical solution to the following Cauchy problem

bt +u-Vo+ (v — 1)pdivu = 0,
wg +u - Vu+ Vo + a¢® Lu = 1 - Q(u),

U+ V(u- ) + (6 — Depdivu + dag**Vdivu = 0, (3.89)

ad
o0—1
(qb’ u’ zlz)) % (qboo’oﬂ 0)7 as |:'E‘ _> +OO’ t Z 07

(¢, u,¥)|t=0 = (¢0, u0, %) = (do, uo, V(g)*), =€R’

whose life span is independent of 7.

Theorem 3.2. Let (1.11) hold and ¢*° be a postive constant. Assume that the initial data
(¢0,u0, ho = (¢0)¢, 9y = %V(qﬁo)%) satisfies the hypothesis of Lemma 3.1, and there
exists a positive constant co independent of n such that (3.19) holds. Then there ezist a
time Ty, > 0 and a unique classical solution

ad
6—1

(¢ uh =%, v = === Vh)
in [0, Ti] x R3 to the Cauchy problem (3.89) satisfying (3.18) and
¢ € L°°([0, T.]; L° N DY n D*3 N D3), V¢/p € L2([0,T,]; L° N L° N D13 n D?),

where Ty is independent of 1. Moreover, if the initial data satisfies (3.19), then estimates
(3.80) hold for (¢, u,h) with T* replaced by T, and are independent of n.

The proof is given by an iteration scheme based on the estimates for the linearized
problem obtained in Sections 3.2-3.4. As in Section 3.3, we define constants ¢; (i = 1, ..., 5).
Let (¢°,u%, h?) be the solution to the following Cauchy problem

X;+up-VX =0 in (0,+00) x R3,
Y, — ZAY =0 in  (0,4+00) x R3,
Zi+ug-VZ=0 in (0,+00) x R3, (3.90)

(Xa Y7 Z)‘t:o = (¢07u07h0) == ((ZSO,UO, (2)6) in Rsa

(XY, Z) = (6°°,0,h® = (¢*)*) as |z = 400, t>0.



32 ZHOUPING XIN AND SHENGGUO ZHU

Choose a time T** € (0, 7% small enough such that

T**
sup [VE OB <k s @+ [ (10 1) ae <,
0<t<T** 0<t<T** 0

T*
sup (¥l + 3+ OV B0 + [ (e + b )t <,
0<t<T** 0

T**
sup (0 [l BB O+ [ (1l + e + ) <k

T**
sup (WOV20 B+ W) O+ [ (0T + OV )i <
0<t<T™** 0

T**
ess sup t({ufbo -+ [ fbo+ TbE) )+ [ elluflba+ flpo)ar <c

Proof. The existence, uniqueness and time continuity can be proved as follows.

(3.91)

Step 1: Existence. Let the beginning step of our iteration be (v,g) = (u%, h°). Thus
one can get a classical solution (¢!, u', k') of problem (3.81). Inductively, one constructs
approximate sequences (¢FT! uFTt hET1) as follows: given (u®,h*) for & > 1, define

(¢F T uF*1 hEF1Y by solving the following problem:

b VT 4 (y - 1t divdt = 0,
uf ™ b VU £ VR ahF T Ly = R Q)

AL ok VREHL 4 (6 — 1)hEdivef = 0,

(¢k+1) uk+la hk+1)|t=0 = (¢07 uo, ¢(2)e)7

(@5 uF T ETY) = (6%9,0,h% = (62)%), as 2] = 400, t>0.

(3.92)

This problem can be solved from (3.81) by replacing (v, g) with (u*, h¥), and (¢¥, u*, B¥)

(k=1,2,...) satisfy the uniform estimates (3.80).
Denote

ad
0—1

ad

k+1
v = 5—1

th+1’ fk-i—l — (hk+1)_1¢k+l —

th—l—l/hk-l—l’ SOk—l—l — (hk—l—l)—l‘
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Then problem (3.92) can be rewritten as

(G T 4 (y - 1) dive = 0,

oFH (uk+1 +uF - VuF + ngkﬂ) = —aLuFt 4 R Q(uP),

£+ Z Ay ()L fF 4 B (uF) 1+ ad(0F) TP v diva!
= —aéngHthdlvu + (6 — 1)(") Lkt fEHdivak, (3.93)

SOerl uk: . Vng-H _ (5 . 1)(@k) ( k—‘rl) dlvu =0,

(¢k+17uk+l,fk+1’ ¢k+1)’t:0 _ (¢07u07¢626¢07¢526>7

(GFHL Ukl fRrL R s (90 0,0, (6°°) %), as |z| — +oo, t > 0.

Step 1.1: Strong convergence of (¢¥, u¥, f¥, o). Now we are going to prove that the
whole sequence (¢, u¥, f¥, ©*) converges to a limit (é,u, f, ) in some strong sense. Set

—k+1 k+1 k —k+1 k+1 Kk Fk+1 k+1 k  —k+1 k+1 k
¢ =" g, W =W P = R R = P R

Notice that
(") TV dive® =g PV divet + Vdive®,

5—1
=" fhdive (147 Rb),

IRk dive”
(o)LL P+ divek = fR+ diva (1 + BE1RR),
(") L 2dive® =gF L P Rk diva® + oFdive® + L dive®,
Then it follows from (3.93) that

k:—l—l

o

s (ﬂf-i-l + ok vak 4k Vukfl) + g0k+1V$k+1 L PV + aLTht!

u - Vakﬂ +a* - Vok + (v — 1)($k+1divuk + ¢Fdiva®) = 0,

= P (uf + b TR 4 P Q) + T Qi) (3.94)

iy Z AT 4 B )T + asvdivat = TF + 1 4+ 1k,

o 4 wk“ +7" - Ve + (1 = 8) (@ dive® + *diva® + %) =0,
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where Tf (1 =1,...,4) are defined respectively as:
Th =(1 = 8) (" dive® + = diva® + @ R diva — @R R diva ),
3
15 == (Ai(w*) = A N)af* — (B*(Wh) — B* () f*
=1
— ab (P PV dive” — BRIV dive T,
TE=(6-1) (fkﬂdivuk@kJrlhk — frdiveh g pE o 4 ?kﬂdivuk + fkdivﬂk>,
T @lﬁ*l k+1 hkdlvuk . @k@khkildivukil + E’Hldivuk o @kdivukfl.
For 5’““, multiplying (3.94); by 2$k+1 and integrating over R? give
—k+19 -
|¢> 3 <O(Vublocld™ 2 + [7¥16 96" |5 + VT ald ) [ . (3.95)

Then, applying derivative a5 (I¢] = 1) to (3.94)1, multiplying by 28§$k+1 and integrat-
ing over R3, one gets

k+1 9 k+1 k+1’

18% 3 <C(IVUF || VS |2 + |VF oo | VT |2 + [@|6| V20" |3) [V
P 1 . . _ P
+ C(IV2uF 5[ 6 + [V [2] V¥ oo + |6 oo VdivEF]) VS,
which, along with (3.95), implies that for ¢ € [0, T**],

k+1

r\¢’““< 12 < Co e )2 + ol Var )13, (3.96)

where o € (0,1) is a constant to be determined.
For fkﬂ, multiplying (3.94)3 by 2fk+1 and integrating over R3 yield

3
—k+1 9 k+1 9 _ —k+1
LR <OVl P B+ (D0 + 19 P,
=1

(3.97)
<Co! —Zk+12 ollLaniIt: V|2 —k)2 | | Fk2
15+ CI™ R + o (IVER|T + 12515 + 1 13),
where one has used the fact that
—k _ _ _
T2 <C(IF 2]V oo + VT 2] 57 oo + | ¥ |o [T 2| R V| o0)
+C|fk71|00|hk71vukil’oomk‘%
Ty <C(IVL* 5[ |6 + | fF|o| VT
1T5]2 <C(IVF¥[3[u"l6 + | " |oo| VE"|2) (3.98)

+ O (18" 6|V diva® |5 + [@F]6|RF T Vdive" T 3),
1Tl <C (1 ool o PP diva® | oo + | F¥]oo| FF T dive* | |[B7]2)
k+1 _
+ (IVEF oo T o 4 | £¥ oo VEP|2)

In the rest of the proof of this subsection, set
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RE(t) =(1VuP oo + [" oo | WV o), SH(1) = (Juf]s + [u oo | VUM ]3),
(3.99)
Mk ):Ofk‘oo + ’fk 1‘00 ’hk "dive” 1‘00
Then for "', multiplying (3.94)4 by 27! and integrating over R3 lead to
B2 <ORE(4)FF 2 + Ok ]3|V k+1
!so ()l @[5V o*lo " |2 (3.100)

+ C(IVT*|2]0" oo + [B |2 VUF o) [ T2 + CRFHEF 2|7 o

Then, applying a5 (I¢] = 1) to (3.94)4, multiplying by 2&%@"“*1 and integrating over R3,
one has

laé —k+1,2 2

SO(R‘”' + WVl Vo g + [ oo RE Vs + [V ]3) VR
+ C(IVe" 6V |3 + [ 210" oo [ 1F oo | Vti*|oo) ) [V T2
C([a*[6| V> " (3 + V2" (38" |6 + |V |oo| VE"[2) [V T3
C(IVE* |3V s + 10" oo V2| 2) [VE 2
C(RM 4 [ oo [ oo Vb3 + [ V201 3) [ VE" |2 VR
C (I oo * 1V 2uF s 4 [V (6| IV 6) [VRF 2| VE* T2,

which, along with (3.100), implies that for t € [0, 7]
d, _ _ _ _
$\|<Pk+1(t)ﬂf < Co Yl 1T + o (IVa®|IF + 12°)17). (3.101)
For @*+!, multiplying (3.94)s by 2u**! and integrating over R? yield
d
$]\/g5k+1ﬂk+1]§ + 2aa| Va3 + 2a(a + B)|diva* 3

:/ ((Pf—i-lmk—f—l’Q C o (b v 1t Vb .ﬂk+1)

+ 2/ ( R RV e @k+1v$k+1 *@k_‘_quf)k) gk (3.102)
+2/ (fk+1_Q(ﬂk)+7k+1_Q(uk o) ) Tl — ZJ
Now the terms on the right-hand side of (3.102) can be estimated as follows:
7 :/ ST < C|uk|oo|(pk+1|§o|vﬂk+1|2|\/¢k+lak+l|2 109

"‘C(’vuk‘oo"‘|hkvuk‘oo‘90k+1|oo)|\/>k+l —k+1 %’
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and
Jo+ J3 :/—2g0k+1(uk VA +at - vukl) gkt
SC‘¢k+1|§O|\/¢k+lﬂk+l|2(‘Vﬂkmuk‘oo+ 6|V 3).
Ji+Js=—2 /¢k+1(u,{f +uFl vkt gkt
<CS*()B" o [7 s,
Jo+Jr=— 2/ (@'HIV@ + @’““Vcﬁk) S (3.104)
SC|¢k+1|§o|\/¢k+lﬁk+l|2‘vak+l‘2 + O | Vb | [a* s,
Jorda=2 [ (41 Q@) + 77 Qb ) k!
:2/ (Fturt - Qah) + 7T Quih) -t

—k+1

<Ol & B T g || VT + OIF T o Vb s+,

where one has used the equation (3.93)4 for the term 1.
It then follows from (3.102)-(3.104) and Young’s inequality that

d
%|\ﬁpk+lﬂk+l|g +2a0|VE* 3 + 2a(a + B)|divi* 3

3.105
k+1 ( )

k—l—l, )

- k1
1‘\F+ k+1’2+0|vuk|2+c(”¢ 1T+ 2"+ |F

Next multiplying (3.94)2 by 2@5“ and integrating it over R? show that

b d _ -
2V T B+ — (o] VAR + (o + B)|diva )
:2/ ( _ (uk Vak 4k Vuk—l) ,ﬂfﬂ)

_ 3.106
2/ ( _¢k+1(uf Lkl vukfl) _ ¢k+1v¢k+1 _¢k+1v¢k> ‘ﬁf-i-l ( )

+2/(fk+1‘Q(uk)+sz+1_Q(uk 1) ot = Z‘]
7=10

Now the terms on the right-hand side of (3.106) admit the following estimates

Jio+J11 = 2/ k+1( k.ovuk + " - Vukil) -ﬂf—"l
(3.107)

1
<Cl* M VR T 2 (VT |2 |u¥ oo + 3]s Ve 3),
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and
J12+J13——2/ k+1(u _|_uk 1 vuk 1) 71154-1
d
=% /“‘)kﬂ(Uf +ulmh vty gt

<_ 2% /(pk—i-l(uic bl gkl gt

+ I o g (fudy o+ IV o [ e Tt 3)
+ O o (0¥ oo VEF o+ (813 V s + [V [P ) S5(1)
+ CIE o[ RRE (L) + [P R RE () + 16 oe | VE']2) S4(0),

—k+1 1 _ —k+1
Jig = — 2/g0k+1v¢ . uiﬂ-‘rldx < C|tpk+1]§o]\/@k+luf+l|2|v¢ |27
J15 - _ 2/(pk+1v¢k 'Ef+1 _ _2% /(pk+1v¢k 'ﬂk%»l

+ 2/g05+lv¢k: -ﬂk+1 + 2/¢k+1v¢f X ﬂk‘-i-l
d [_ _ _ _
S_2£ (pk+1v¢k -ukde+C]cpk+1]3|v¢f]2\uk+l\6
+ O™ | Ve |3 (VR 2|u® oo + [0*|2] V6|0 )

+ O[a" o V* |3 ([2" 2] Vit |oo + |07 oo [ VTF]2)

+ C|ﬂk+1|6‘V¢k‘3( k+1‘2Rk | ’2Rk 1( ))’
Do =2 [ £ Q) T < Ol LIV T bl T,
Jin :2/fk+1 QY g =22 /fk+1 ~1) . ghH

_ 2/fk+1 L Q(uFY), - Tz — /fk+1 Q(uk1) . gt
R+l uF1 gt —k+1 —k k—1
< dt f ) - T de + CIVEET 9| VE© |2 V'™ o

+ OV |V o V2uF 5 + CF T o Va1 || Vi || Vb = g

+ C|fk+1|2\Vﬂk+1\2(|uk|6|v2uk_l|6 + |00 | VUF o)

+ CIF @ Yo (Vs + [VuF|o| Va1 o)

+ Cla 6| Vul s ([a¥ 16V £¥ (5 + | £¥]oo| VT |2)

+ C’(|¢k"’1]2|thdivuk|<><> + |¢k\ |hk_1Vdivuk_1|oo)|Vuk_1|3|ﬂk+1|6

+ VR 3 [@ o (|Vab oo (IF L2 + 17 2) + (1F ] + 1757 o) [VEE2)
+ C(M*()[@ |2 + ME ()25 o) [V~ oo [T,

37

(3.108)
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where one has used the fact that
kH = — Z Ai(u &f *(uk)?k+l — adVdiva® + T¥ + 15 + 1k

ol = — w’f“ - Ver — (1= 0)(FFdivet + o divat 4+ 1),
It follows from (3.106)—(3 108) and Young’s inequality that

\fkﬂ k“] (aoz|Vuk+1]2+a(a+5)|divﬂk+1|g)
<Jis + Ef(t >rv*+112 + CIVE + o (B3 + [7°5) (8.109)
k+1 _ k+1
+C(16 R+ PR+ TR,

where

d
J18—_$

and E%(t) satisfies

<¢k+1(u£f NI N T V(bk) _i_?k—l-l _ Q(uk—1)> sy

t
/ EF(s)ds < C+Co ', for 0<t<T™, (3.110)
0

Hence, (3.96)-(3.97), (3.101), (3.105), (3.109)-(3.110) and the Gronwall’s inequality im-
ply that

d k+1—k —k+1 k —k+1,9
S (VBT IR + IR+ P
+ aov| VI3 + a(a + 6)V|d1vuk+1|2> + (aa\vuk“ 2, V’fk—&-l k+1|2)

N _ —k+1 —k 19
<wis + (NE@) + ) (V@ T 3 + aa Va3 + 67 13 + 18512+ 17T 12)
y_ —k _ _
+ C(v+0)aa| Va3 + Co(|8"12 + V273 + (1 + ) (I8°]13 + [7°12)),

(3.111)
where v € (0, 1) is a sufficiently small constant, and N*(t) satisfies
/t NF(s)ds < C+Co™ ', for 0<t<T*. (3.112)
For Jig, one has i
[ s < (@ 1+ 7). (3.113)
For the term V2u*, according to equations (3.94)2 and Lemma 2.5, one has
@2 < (VP Tl + VT o + 118" | + 881 + [Fle)- (3.114)

Finally, define
—k+1 —k+1
T () = sup 67 (s)II + S I )T+ sup [F7 (5)13
0<s<t 0<s<t

k11—, _ .
+ sup |/ +1u’““(S)B +av sup (a| VE* ()5 + (a + B)|diva* ' (s)[3).
0<s<t 0<s<t
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Then it follows from (3.111)-(3.114) that
t
D e) 4 [ (aal VB 4 o] B ds
0

¢
<0 [ (solo+ I 191+ olyBat)as ot 1,9) v (0 o).
0
Now, choose v = vy € (0,1), 0 = 09 € (0,1), and Ty > 0 consecutively so that

1
C C<—
vpexpC < o2,

o
C C<—
oo exXp < 32,

(T* +1)exp (Cao_lT*) < 4.
Then one gets easily
o T,
3 (Fk—l—l(T*’ v) +/ (m|vgk+1|g + y0|\/¢’“+1ﬂf“|§)dt <C <400, (3.115)
k=1 0
Thanks to (3.115) and the local estimates (3.80) independent of k, one has

. —k+1 . _
lim [Fs+ lim [7 s = 0. (3.116)
k——+o00 k——+o0

Thus, by (3.115)-(3.116), one concludes that the whole sequence (¢*, u*, ¥, ©o*) converges
to a limit (¢, u, f,¢) in the following strong sense: for any s’ € [1, 3),

oF =6 = ¢ — ¢ in L¥([0. T H' (R%),  f* = fin L¥((0,To); L°(R%)), (3.117)
oF = in L®(0, T.); L2(R%), u* — uin L®([0,T3]; D' n D (R®)). '

Again by virtue of the local estimates (3.80) independent of k, there exists a subsequence
(still denoted by (¢F, u*, f*, ¥ ¥*)) converging to the limit (¢,u, f,¢,4) in the weak or
weak* sense. According to the lower semi-continuity of norms, the corresponding estimates
in (3.80) for (¢, u, f, ¢, 1) still hold except those weighted estimates on u. Thus, (¢, u, f, )
is a weak solution in the sense of distributions to the following Cauchy problem:

b +u- Vo + (v — Ddive =0,
cp(ut +u-Vu+V¢)) = —alu+ f-Q(u),

3
fe+ ) A(w)orf + B (u) f + adVdivu =0,
1=1 (3.118)

or+u-Vo— (6 —1)edive = 0,

(¢a u, fa 30)|t=0 = (qua uo, ¢626¢07 ¢626)7

(6, f,9) = (6,0,0, (6°) ), as |z| = 400, t > 0.
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Step 1.2: Strong convergence of /¥ and the existence to the problem (3.89). However,
the conclusions obtained in Step 1.1 are still insufficient to show the desired existence of
the strong solution to the Cauchy problem (3.89).

For this purpose, one first needs to check the strong convergence of ¥*:

fk+180k _ fk<,0k+1 b1 B
Tk ‘6 < C(I"sol 7 I6 + | F¥ 162" o), (3:119)

| — s =
which, along with (3.117), implies that

YF — 9 in L([0, Ti); L (R?)). (3.120)

Next, one needs to show the relation f = ¥ still holds for the limit functions. Due to

15— ole < C(19" — ¢loolt™]s + [0% — Pl6lploc) = 0, as &k — oo, (3.121)

then it holds that
ft,x) = vpt,z), ae on [0,T.] xR (3.122)

Next to vertify the relations

_ 2aed Vo o _ad %
= 5o, $=07 md = Ve (3.123)
we denote
* 2a65v¢ * —2e
Fr=Fr-5- 5 and " =@ —¢7".

Then it follows from the equations (3.118); and (3.118)3-(3.118),4 that

3
I+ S0 Ao + B (u)f* =0,
=1

P+ u- Vo' — (6 — 1p*divu = 0,
of +u- V' — (6 —1)p*divu (3.124)

(f*a 90*)‘t:0 = (07 O)’

(f*,¢*) — (0,0), as |x| = +o0, t >0,
which, together with a standard energy method, implies that
ff=0 and ¢*=0 for (t,x)c[0,T.] xR

Then the first two relations in (3.123) have been verified, and the last one follows easily
from the relation (3.122).

Moreover, denoting h = ¢!

, one needs to show the following weak convergence:

REV2R —~ o7V weakly* in L°([0, T.); HY) N L2([0, Ti); D).
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Indeed, due to the uniform positivity for ©* > 1n > 0and ¢ > 7, (3.117), and the upper
bounds of the norms of (¢, u, ¢, f), one has

T
/ / hkvzuk — cp_1V2u) wdzdt
R3
T
/ / V2uk + o L (V2P - Vzu))wda:dt (3.125)
R3

<c( s \90 —so\om\v? b VUl oy )T = 0, as k= oo

for any test functions w(t,z) € R3 and w(t,x) € C>([0,T*) x R3), which implies that
WEVAk — o7V weakly* in € L™([0,Ti]; HY). (3.126)
Similarly, one can also obtain that
VIR(VuF Vuk) = Vh(Vu, V) weakly* in L=([0,T%]; L?),
RPV2uk — 71V, weakly in L%([0,7.]; D' N D?), (3.127)
(R*V2uF), = (o7'V2u), weakly in L%([0,T.]; L?).
Then the corresponding weighted estimates for u shown in the a priori estimates (3.80)
still hold for the limit functions.

Based on the estimates (3.80), strong convergences shown in (3.117), (3.120), (3.126)-
(3.127) and relations (3.122)-(3.123), it is obvious that functions

<¢,u,h o2, 7/1—7 ¢2e>

satisfy (3.89) in the sense of distributions. The a priori estimates (3.80) hold for (¢, u, h),
and

¢ — ¢ € L0, T.]; H®), 1 € L*=(][0,T.]; D' n D?),

%”726 <pel®nDYnND?*3nND3 felL*nL®nDYnD?
uw e L°°([0,T.]; H®) N L*([0, T.); HY), uy € L*([0,Ty]; HY) n L3([0, T.]; D?),

wy € LA([0, T.); L?), tzu e L=([0,T.]; DY),

t2u, € Lo°([0, T.]; D?) N LA([0, T.]; D?), 2wy € L°([0,T3]; L) N L2([0, T.]; DY).

Step 2: Uniqueness. Let (¢1,u1,h1) and (P2, us, he) be two strong solutions to the
Cauchy problem (3.89) satisfying the uniform estimates in (3.80). Set

ad ad

pi=(hi) 7! i = Vhi, fi= s Vhi/hi=tip; for i=1,2,

& =¢1 — ¢2, U= uy — uy, f=f1—f2, P =1 — 2.
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Then it follows from (3.118) that

(G +ul Vo +Tu- Vg + (v — 1)(¢divuy + ¢odiva®) = 0,
1t + prur - VU + 1V + Lu

= —0((u2)t +u2 - Vug) — 10 - Vug — pVoo + f - Q) + f - Q(uz), (3.128)

3
fi+ Z Aj(u)Of + B*(u1) f 4+ adVdivu = Ty + Yo,
=1
Dy +u-Vo+u- Voo + (6 — 1) (pdivu; + podiva) = 0,

where T and T4 are defined as

3
Ti= = (Aiw)Ops — Ai(uz)dtha),  To = —(B(ur)ts — Blua)isa).
=1

Set
o (t) = le@®)IF + [B@)IT + [F )5 + [vVee a®)]3 + [Va(t)l3.
In a similar way for the derivation of (3.96)-(3.111), one can show that

L)+ O(VADE + VB mE) < H(D)(0) (3.120)

where

t
/H(s)dsSC, for 0<t<T,.
0

It follows from the Gronwall’s inequality that ¢ = @ = 0 and f = @ = 0. Thus the
uniqueness is obtained.

Step 3. The time-continuity follows easily from the same procedure as in Lemma 3.1.
O

3.6. Taking limit from the non-vacuum flows to the flow with far field vacuum.
Based on the local (in time) estimates in (3.80), now we are ready to prove Theorem 3.1.

Proof. We divide the proof into four steps.
Step 1: The locally uniform positivity of ¢. For any n € (0, 1), set

ad
¢ =do+mn, Y= s V(% )%, b = (o +n)*.

Then the initial compatibility conditions can be given as
Vug = (do+n)"gf,  Luo = (¢o +1) g3,

(3.130)
V(a0 +m*Lug) = (60 +m)~ g},
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where g (i = 1,2, 3) are given as

9] = L 91, 99 = - 92
R R C ) R
—3e 2e
n_ bo _anVeg Sy
= Ty (9 éil).

0+ 7
Then it follows from the the initial assumption (3.6)-
m > 0 such that if 0 <7 < 7, then

(3.7) and (3.12) that there exists a

L+n+l6g —nlls + [¥¢ | piap2 + uolls + 9712 + |99z + 9512

1 n _ (3.131)
+||(h0) ||L°°OD176|’1D2’30D3 + ”Vho/hoHLoomLGlev?’mD? <Co,

where ) is a positive constant independent of n. Therefore, for initial data (o0, ug,vq),
the problem (3.89) admits a unique classical solution (¢7, u,4") in [0, Ti] x R? satisfying
the local estimates in (3.79)-(3.80) with ¢o replaced by ¢y, and the life span T, is also
independent of 7.

Moreover, the following property holds:

Lemma 3.9. For any Ry > 0 and n € (0,1], there exists a constant ar, such that
¢"(t,x) > ar, >0, V (t,z)€[0,Ty] X Br,, (3.132)
where ag is independent of 1.

Proof. 1t suffices to consider the case when Ry is sufficiently large.
First, due to the initial assumptions on ¢ and :

0 A —2e

¢ € H?, 1o = 7(77 ) Vet € D' n D?,
6—1\y—-1

one has V(j)%e € L*°. Therefore, the initial vacuum does not occur in the interior point

but in the far field, and for every R’ > 2, there exists a constant C'r/ independent of 7
such that

¢ (x) > Cp +1>0, Ve Bp. (3.133)
Second, let z(t;z) be the particle path starting from xg at t =0, i.e.,
d
ax(t; xo) = u(t,z(t;x0)), x(0;x0) = xo. (3.134)

Then denote by B(t, R’) the closed regions that are the images of Br/ under the flow map
(3.134):

B(t,R') = {x(t;z0)|z0 € Br}-

It follows from (3.2); that

@"(t,x) = Pl (xo) exp ( - /0 (v — 1)divu"(s;x(s;x0))ds). (3.135)
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According to (3.79)-(3.80), it holds that for 0 <t < T},

t t
/]divu”(t,x(t;xo)\dsg/ V] ods
0 0

. t 1 (3.136)
1 2 3
g/ IVl ods < t5 (/ [Ve|3ds)* < esT?.
0 0
Thus, by (3.133) and (3.136), one can obtain that for 0 <t < T,
@t z) > C*(Cr +n) >0, YaeB(tR), (3.137)

1
where C* = exp (— (v — 1)esT?).
At last, it follows from (3.134) and (3.79)-(3.80) that

t
lzo — x| = |zo — z(t; 20)| < / |u" (1, 2(7;20))|dT < e3t <1 < R'/2,
0

for all (t,x) € [0,T.] x Bg, which implies Br /o C B(t, R'). Thus, one can choose
R/ = 2R0, and AR, = C*CR/.
O

Step 2: Existence. First, since the estimates (3.80) are independent of 7, then there
exists a subsequence (still denoted by (¢7,u", ")) converging to a limit (¢, u, 1)) in weak
or weak* sense:

(¢" —n,u") = (p,u) weakly* in L=([0,To]; H?),
u’ —u  weakly in L2([0,Ty]; HY),
o1 — ¢ weakly* in L%°([0,T.]; L> N D% N D?*3 N D3),

0
17— f weakly* in L°°([0,T.]; L>° N L% n D'* n D?),
Y1 =) weakly* in L([0,T,]; D' N D?), (3.138)
o) — ¢ weakly* in L([0
(uf, ) = (ug, )  weakly™ in L°°([0,T.]; H),
([0

ol — ¢ weakly* in L™
il — fi weakly* in L*>([0,T.]; L® n D').
Then the lower semi-continuity of weak convergences implies that (¢, u, f, ¢, 1) satisfies
the corresponding estimates (3.80) except those weighted estimates on wu.

Second, for any R > 0, due to the Aubin-Lions Lemma (see [28]) (i.e., Lemma 2.2),
there exists a subsequence (still denoted by (¢",u", ")) satisfying

(@" =, 9", ") =(d,9,0) in C([0,T]; H'(Br)),

9 (3.139)
ul —u in C([0,T.]; H*(BRr)),
where Bp is a ball centered at origin with radius R.
Here, the following relations hold for the limit functions:
2aed V¢ 9 ad o o
= — = € = € .14
f=5ot g, =07 and g= Ve, (3.140)
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which can be proved by the same argument used in the proof of (3.123).

Let h = o=, According to estimates (3.80) except those weighted terms of u, Lemma
3.9, the weak or weak™ convergences shown in (3.138) and the strong convergences shown
in (3.139), in a similar way for proving (3.126), one can obtain that

VIV, Vul) = Vh(Vu, V) weakly* in L([0,T*]; L?),
K1V — hV2u  weakly* in L*([0,T.]; HY),
K1V — hV2u  weakly in L%([0,T.); D' n D?),
(R"V2u")y — (hV?u); weakly in L2([0,T.]; L?).

(3.141)

Then the corresponding weighted estimates for u shown in the a priori estimates (3.80)
hold also for the limit functions.

Thus it is easy to show that (¢, u,1)) solves the Cauchy problem (3.2)-(3.5) in the
sense of distributions. Moreover, in this step, even though vacuum appears in the far
field, 1 satisfies 9;0p() = 8j¢(i) (i,7 = 1,2,3) and solves the following positive symmetric
hyperbolic system in the sense of distributions:

3
Yi+ Y Adnp + By + ag*Vdivu = 0. (3.142)

=1

Step 3. The uniqueness follows easily from the same procedure as that for Theorem
3.2.

Step 4: Time continuity. The time continuity of ¢ and i can be obtained via the
similar arguments as used in Lemma 3.1.

For the velocity u, the a priori estimates obtained above and Sobolev’s imbedding
theorem imply that

u e C([0,T.); H*) N C([0, T}]; weak-H3) and ¢*Vu € C([0,Ty]; L?). (3.143)
Then equations (3.2)3 yield
pur € L*([0, T); H?),  (pue)e € L*([0, s L?),
which implies that pu; € C([0,T}]; H'). Together with classical elliptic estimates and
alLu = *@(Ut +u-Vu+Vop—1- Q(u)),

one gets u € C([0,7T,]; H3) immediately.
Next for hV?u, due to

V2 € L=([0, T.); HY) N L*([0,T.); D*) and  (hV?u); € L2([0, T.); L?),
and the classical Sobolev imbedding theorem, one gets quickly that
hV2u € C([0,Ty]; HY).

Then the time continuity of u; follows easily. O
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3.7. The proof for Theorem 1.1. With Theorem 3.1 at hand, now we are ready to
establish the local-in-time well-posedness of the regular solution to the original Cauchy
problem (1.1)-(1.7) shown in Theorem 1.1.

Proof. The proof is divided into two steps.

Step 1. It follows from the initial assumptions (1.12)-(1.13) and Theorem 3.1 that
there exists a time 7, > 0 such that the problem (3.2)-(3.5) has a unique regular solution
(¢, u, ) satisfying the regularity (3.8), which implies that

e CH[0,T.] xR?), (u,Vu) e C((0,T,] x R?). (3.144)

1
Set p = (%gb) "' with p(0,2) = po. It follows from the proof of Theorem 3.1 (in

particular, the proofs of (3.123) and (3.140) ) that the following relations hold:

2aed V 9% ad .
=3 = and b= S, (3.145)
which implies that
f=adVlogp, ¢=ap™ and o= %Vp‘s_l.

Due to the above regularities and relations of the solution (¢, u,), then multiplying

(3.2); by 1

0 1 —1\7=1 2%

550 =510 ) e ),

yields the continuity equation in (1.1), while multiplying (3.2)2 by p(t,z) gives the mo-
mentum equations in (1.1).

Thus we have shown that (p, u) satisfies problem (1.1)-(1.7) in the sense of distributions
and has the regularities shown in Definition 1.1 and (1.14). Finally, p(t,z) > 0 for (¢,z) €
[0, ] x R3 follows from the continuity equation.

In summary, the Cauchy problem (1.1)-(1.7) has a unique regular solution (p,u).

Step 3. Now we show that, if v € (1, 2], the regular solution obtained in the above
step is indeed a classical one within its life span.

First, due to 1 < v < 2, one has

(p, Vp, pt,u, Vu) € C([0, Ti] x R?).

Second, it follows from the classical Sobolev embedding;:

L*([0,T; HY nWh2((0,T); H') < C([0,T]; L?), (3.146)
and the regularity (1.14) that
tu; € C([0,T%]; H?), and uy € C([r,T] x R®). (3.147)

Finally, it remains to show that V2u € C([r, Ty] x R3). According to Step 1 above, the
following elliptic system holds

alu=—¢ *(u +u-Vu+Ve—1-Q(u)) = ¢ *M. (3.148)
The regularity (1.14) implies that
top~2M e L>([0,T,]; H?). (3.149)
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Note that
(tp™2M)y =g 2*M + t; **M 4t~ M, € L*([0, T.]; L?). (3.150)
So it follows from the classical Sobolev imbedding theorem:
L0, T); HY nwh2([0, T]; H™Y) — ([0, T); LY), (3.151)
for any ¢ € [2,6), and (3.148)-(3.150) that
to~2*M e C([0,T.); Wi,  tV2u e C([0, T,]; Wh?).

Again the Sobolev embedding theorem implies that VZu € C((0,T}] x R3).
U

Theorem 1.2 can be proved by the similar argument used in Theorem 1.1 under some
slight modifications, so the details are omitted.

4. NON-EXISTENCE OF GLOBAL SOLUTIONS WITH L° DECAY ON u

4.1. Proof of Theorem 1.3. Now we are ready to prove Theorem 1.3. Let 7" > 0 be any
constant, and (p,u) € D(T'). It follows from the definitions of m(t), P(t) and Ey(¢) that

P(t)]| < / plt, 2)\ul(t, ) < \/2m(D) (1),

which, together with the definition of the solution class D(T'), implies that

[P(0)[” 1 2
< Ei(t) < =m t for ¢ 7).
0< gty < EH(D) < gmOu(fl for € 0.7
Then one obtains that there exists a positive constant C, = —E((%))‘ such that

|u(t)|oo > C,, for t € [0,T].
Thus one obtains the desired conclusion as shown in Theorem 1.3.

4.2. Proof of Corollary 1.1. Let (p,u)(t,x) in [0, T] x R? be the regular solution defined
in Definition 1.1. Next we just need to show that (p,u) € D(T).

First, it is easy to show that (p,u) has finite total mass m(¢), finite momentum P(¢),
finite total energy E(t).

Lemma 4.1. Let (1.11) and (1.19) hold, and (p,u) be the regular solution defined in
Definition 1.1, then

m(t) + |P(t)| + E(t) < 400 for te€]0,T].

Proof. Indeed, due to 1 < < 3, one has
1
m(t) = / (71T <Ol < A+ o0,
P(t) = /pu < Clphlu|eo <+ o0, (4.1)

1 P _
B(0) = [ (3olul® + =) < Clluclulf + 1o ol) <+ .
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Second, the conservation of the total mass and momentum can be verified.

Lemma 4.2. Let (1.11) and (1.19) hold, and (p,u) be the regular solution defined in
Definition 1.1. Then

P(t) =P(0) and m(t) =m(0) for tel0,T].

Proof. The momentum equations (1.1)2 imply that

P, =— /div(pu® u) — /VP + /diVT =0, (4.2)
where one has used the fact that
puDu9 o7 and pPVu e WHHR3) for 4, j=1, 2, 3.
Similarly, we can show the conservation of the mass. O

According to Theorem 1.3 and Lemmas 4.1-4.2, one obtains the desired conclusion in
Corollary 1.1.

Remark 4.1. First, under the assumptions of Corollary 1.1, the regular solution (p,u)
satisfies also the energy equality. Indeed, the continuity equation (1.1)1 and the definition
of P give

P, +u-VP+yPdivu =0, (4.3)

While the momentum equations (1.1)y and (4.3) yield that

Bt [ (alul + (a-+ )] divul)

1 (4.4)
=— /div(pu|u|2) - ’Y/div(uP)—l—/div(uT).

2 v—1

Due to the definition of the regular solution, (1.11) and (1.19), one gets that
pulu?, uwP and uT e WHL(R?),
which, along with (4.4) implies the desired energy equality:
t
E(t) +/ / (2(p)| D(w) > + A(p)(divu)?) dz ds = E(0). (4.5)
0 JRr3

Second, for the flows of constant viscosities [5, 10] (6 = 0), it is not clear to verify the
conservation of momentum for the strong solutions with vacuum for the Cauchy problem.
The reason is that one is not sure whether T € WH1(R3), or not.

4.3. Proof of Corollary 1.2. For the convenience of the proof, set:
F £ (2a+ B)divu — P(p), w=V xu,
where F' is the effective viscous flux, and w is the vorticity.

Proof. The proof is divided into three steps:
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Step 1: Local-in-time well-posedness. It follows easily from the initial assumption
(1.21) and arguments in [5, 6] that there exists a time 7p > 0 and a unique classical
solution (p,u) in (0,Tp) x R? to the Cauchy problem (1.1)-(1.7) satisfying

(p, P(p)) € C([0, To); H?),  p= € C(0, To]; H), (4.6)
u e C([0,Ty]; D N D3 N L2([0,Tp]; DY),  w € L*([0, Tp); DY) N L2([0, Tp); D?).  (4.7)

Step 2: Global-in-time well-posedness. It follows from the local-in-time well-posedenss
obtained in Step 1, the smallness assumption (1.22) and the argument in [10] that the
Cauchy problem (1.1)-(1.7) has a unique global classical solution (p,u) in (0,00) x R3
satisfying (1.23) and (1.25)-(1.28) for any 0 < 7 < T' < co. It remains to show (1.24).

First, the continuity equation (1.1); implies that p% satisfies the following equation
1 ER S,
pi +u-Vp2 +§p2dlvu:0, (4.8)

which, along with the standard energy estimates argument for transport equations and
(1.26), yields that

w%mlswmum4cAWmDmmw)<m for 0<t<T,  (49)
where C' > 0 is constant, and T is any positive time. This, together with (4.6), shows
pz € C([0,T); HY). (4.10)
Then (4.10) yields the conservation of the mass, since
% pz—/div(pu)zO, for 0<t<T,

due to pu € WH(R?).
Step 3: Verification of the large time behavior on u. First, by the Gagliardo-Nirenberg
inequality in Lemma 2.1, and Lemma 2.3 in [10] , one has

11 1 1 1 1
|uloo <Clulgulg < CIVul3 ([F|§ + [wl§ +|PI§)

. 1 (4.11)
<C|Vul3 (|ptf2 + | Ple)?,
which, together with (1.23), (1.25) and (1.28), implies that
lim sup |u(t, )| = 0. (4.12)

t——+o0

Finally, according to (4.12), and Theorem 1.3, if m(0) > 0 and |P(0)| > 0, the global
solution obtained in Step 2 above can not keep the conservation of momentum for all the
time t € (0, 00). O
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Resume in French

Résumé:

Dans ce papier, le probleme de Cauchy pour les équations des Navier-Stokes
tridimensionnel(3D), compressibles isentropiques est considéré. Lorsque les co-
efficients de la viscosité sont donnes en tant qu’un multiple constant de la puis-
sance de densité (c’est-a-dire p® pour 0 < § < 1), en se basant sur certaines
analyses de la structure non-linéaire du systeéme, nous identifions la classe des
données initiales qui admettent une solution réguliere locale avec le vide a I'infini
et une énergie finie dans des espaces Sobolev non homogenes en introduisant cer-
tains nouvelles variables et des conditions de compatibilité initiales, qui résout
partiellement un probleme ouvert sur flux visqueux dégénérés mentionné par
Bresh-Desjardins-Metivier [3], Jiu-Wang-Xin [11], et al. De plus, contrairement
a la théorie classique du cas de la viscosité constante, nous démontrons que
on ne pouvons obtenir aucune solution réguliere globale si la norme L*° de u
décroit a zéro quand le temps t tend a l'infini.



